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Abstract

The Hamiltonian [ (|0yul*+|Vu|*+m?|u|?) dz, defined on functions on Rx X,
where X is a compact manifold, has critical points which are solutions of the linear
Klein-Gordon equation. We consider perturbations of this Hamiltonian, given by
polynomial expressions depending on first order derivatives of u. The associated
PDE is then a quasi-linear Klein-Gordon equation. We show that, when X is the
sphere, and when the mass parameter m is outside an exceptional subset of zero
measure, smooth Cauchy data of small size € give rise to almost global solutions,
i.e. solutions defined on a time interval of length cye v for any N. Previous
results were limited either to the semi-linear case (when the perturbation of the
Hamiltonian depends only on u) or to the one dimensional problem.

The proof is based on a quasi-linear version of the Birkhoff normal forms
method, relying on convenient generalizations of para-differential calculus.
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2013.
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CHAPTER 0

Introduction

This paper is devoted to the study of solutions of small quasi-linear per-
turbations of an infinite dimensional Hamiltonian system. To be more specific,
let X be a compact Riemannian manifold, and define on H*(X,C), for s large
enough, Go(U) = fX mu)udp, where U = (u,u), du is the Riemannian vol-
ume and Ay, = \/—AX + m?. Since H*(X,C) is endowed with a symplectic form
wo(h, ') = 2Im [ ¥ hh dp, one may consider the Hamiltonian equation associated
to Gg, given by

If u = @(A;ﬂpatv + iA%Q’U), with v in H*+1/2(X,R) and ;v in H*~/?(X,R),
this Hamiltonian equation is nothing but the Klein-Gordon equation

(2) (0} — A+ m*)v=0.

We want to study the solutions of equations of form (), where G has been replaced
by a more general Hamiltonian G, such that G — Gy is small. By rescaling, this is
equivalent to the study of

(3) Ou = iV G(u, ),

where G — Gy vanishes at least at order three at zero, and where the Cauchy data
are small in H® (s > 1), of size ¢ — 0. The question is to determine whether, for
e small enough, the solution exists over a long interval of time, and has Sobolev
norm O(e) on that interval.

Since Gy may be written as [y (A MQu) (Al/2 ) dp, the most natural perturba-

tion would be of the form (G—Go)(u, u) fX 11,42u, A0 ) dp for some function
P vanishing at least at order three at the origin. Nevertheless, most works devoted
to that question up to now concern the case when the perturbation G — Gy is given
by a function of Ay, /217, At the level of the Hamiltonian equation, this corresponds
to perturbations of (2)) which are weakly semi-linear, i.e. may be written

(4) 0 = A+ m*)v = f(v),

for a smooth function f vanishing at least at order 2 at zero, while, in the general
case, the non-linear perturbation is quasi-linear, i.e. depends on derivatives of v up
to order 2, and is linear with respect to (0“v)|q|=2-

In one dimension, i.e. when X is the circle, the weakly semi-linear problem
has been solved by Bourgain [12] and Bambusi [I] (see also for related results
Bambusi-Grébert [3] and the lectures of Grébert [25]). It has been proved that,
if m is taken outside a subset of zero measure of |0,+oco], for any N € N, for
any s large enough, there is ¢y > 0, such that equation () with Cauchy data of

1



2 0. INTRODUCTION

size € < € in H*t/2(S',R) x H*~1/2(S' R), has an almost global solution, i.e. a
solution defined on a domain | — T, T.[xS*, with T. > ce~ ¥, satisfying an estimate

(5) Sp ot e+ sup 000, e < Ce
3 <T.

This result has been extended to higher dimensions, i.e. to equation () on spheres,
or more generally on Zoll manifolds, by Bambusi, Delort, Grébert and Szeftel [2],
after preliminary results of Delort and Szeftel [I7HI9]. The method of proof relies
on Birkhoff normal forms, as in one dimension, to reduce the proof of long time
existence and of estimate () to the study of a sequence of homological equations.
The resolution of these equations is possible only under a suitable small divisors
property, which holds when the parameter m is outside a subset of zero measure,
because of the very special distribution of the eigenvalues of —A on S%. Actually,
the important property is that two different eigenvalues of /—Aga are separated
essentially by a fixed distance. When such a property does not hold, for instance
when X = T¢, or when —A is replaced by the harmonic oscillator —A + |:E|2 on
X = R%, only much weaker results are known (see [15,211[35]).

Let us mention also that normal forms methods have been proved useful to
study long time existence for solutions of equations of the form (@) on R?, for Cauchy
data that are smooth and decaying at infinity. Actually, the use of normal forms
in that framework has been introduced by Shatah [33] to prove global existence
of solutions of non-linear Klein-Gordon equations on R3 (an alternative proof has
been given at the same time by Klainerman [29]). More recently, this approach
has been made more systematic in a series of papers of Germain, Masmoudi and
Shatah [231[24] and Germain [22].

Our concern here is to treat the problem of general perturbations, giving rise
to a quasi-linear equation instead of (). This brings considerable new difficulties,
especially in higher dimensions. Actually, in one dimension, i.e. on the circle, we
could solve the problem in [16]. Our goal in this paper is to obtain a long time
stability result of type (B]) on any higher dimensional sphere S¢. The main difference
with the one dimensional case comes from the fact that one can no longer make
appeal to Fourier series, as in one dimension, nor use just separation properties of
the eigenvalues of the laplacian on the sphere, like in the semi-linear case. One has
to rely instead on the classical property of the geodesic flow that is responsible for
these behaviour of eigenvalues, namely periodicity.

Before giving some hints on the strategy we shall follow, let us comment on re-
lated — though different — results concerning existence of periodic or quasi-periodic
solutions to equations of the form [@). This problem has been solved in one dimen-
sion by Kuksin [31], Wayne [34], Craig and Wayne [14], and in higher dimensions
(i.e. on the torus) by Bourgain [I0,1I]. More recently, existence of periodic solu-
tions for Klein-Gordon equations on homogeneous spaces (including the sphere) has
been proved by Berti and Procesi [9]. We refer also to the book of Bourgain [13]
for more references, and to the paper of Berti and Bolle [8] for a complete and
up to date bibliography on these matters. Let us stress upon the fact that all
these results were using in an essential way the fact that the non-linearity in the
equation does not depend on derivatives of v. The challenge of treating equations
depending also on first order derivatives of v has been overcome only recently, by
Berti, Biasco and Procesi [6l[7], for Hamiltonian wave equations as well as for a
more general class of PDEs (reversible wave equations). Earlier results concerning

[vww.ebook3000.con)
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other equations with unbounded non-linear perturbations are due to Kuksin [30]
and Kappeler-Poschel [28] for KAV equations, and to Liu-Yuan [32] in a general
abstract framework. In the case of quasi-linear non-linearities, like the ones we con-
sider in this paper, very few results are known. Let us mention the construction of
periodic solutions for the water waves equation by Iooss, Plotnikov and Toland [27]
and very recent results of Baldi, Berti and Montalto [5], who constructed quasi-
periodic solutions for quasi-linear KdV equations.

Let us describe the main new ideas of the proof of our paper in more details. As
in [16], the key point is to design a Birkhoff normal forms method adapted to quasi-
linear equations. This requires to express the Hamiltonian using para-differential
operators. In one dimension, one uses Fourier analysis on S' to define such classes
of operators globally on S', using symbols which are functions on S' x Z (where
Z should be considered as the dual group of S'). In higher dimensions, we define
para-differential operators using a characterization in terms of commutators with
differential operators, similar to the Beals characterization of pseudo-differential
operators [4]. The classes we need are more general than usual para-differential
operators: they depend on some auxiliary functions, and have to take into account
some losses relatively to small frequencies that will appear because of small divisors.
Because of that, we have to rewrite the whole theory (symbolic calculus, principal
symbols on compact manifolds,...) in our framework. This is done in section 2 of
the paper. Section 3 is devoted to the computation of Poisson brackets between
functions defined in terms of integrals of type [ (A(U)u)udp, Re [y (A(U)u)udp,
where A(U) is a para-differential operator of order one, homogeneous of some degree
k in U. The proof of the main theorem of long time existence occupies section 4.
Let us describe the main new idea on a toy model.

Consider equation (B) with Hamiltonian

(6) G(u,ﬂ):/X(Amu)ﬂd,u—l—Re /X(A(U)u)ﬂdu,

where A(U) is a self-adjoint para-differential operator of order one, homogeneous
of degree k in U = (u, u). Equation (8] reads

(7) Diu = Apu+ AU)u+ -

where the dots represent some contributions which are of a semi-linear nature (op-
posed to the main quasi-linear contribution A(U)u). To prove that (1) with H*®
data of size ¢ has a solution defined on a time interval of length ce=V, one has to
find a modified energy O(u) such that O4(u) ~ |[ul|%. close to zero and

(®) L0,(u(t, ) = O(u(t, )57

when u is a solution of (7). The usual normal forms method consists in defining
0, = 0% 0 x, where ©9 = ||A$,u||3. is the usual H*-energy, and x is a convenient
symplectic diffeomorphism on a neighborhood of zero in H?®, defined as the value
at time ¢ = —1 of the flow of the Hamiltonian vector field X of some auxiliary
function F. Then equation (@) implies

) Leuu(t,) = {800, Gult,) = (6% Gox Yo x(u(t, )
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and the definition of y gives an expansion

—1)P
(10) ©Gox 1y~ (ol Elawr
p!
p
where adF - G = {F,G}. One looks for F' as given by an expansion in terms of
homogeneous terms F' = Zezl Fy. Then the term of degree of homogeneity p + 2

in (I0) vanishes if and only if

(11) {627_{FpaG0}+Hp} :Ov
where H,, is computed from G and F,, with p’ < p. One looks for F), as
(12) Fy(u,u) = /X(BP(U)u)ﬂd,u

where B,(U) is a self-adjoint para-differential operator of order one. One proves
moreover that, if Fj, has a similar structure for p’ < p, then

Hp(uvﬂ):/X(A’p(U)u)ﬂdu_F...

where A; is also a self-adjoint operator of first order, and the dots represent some
other contributions which are of a semi-linear nature. Then {F,, Go} — H, may be
written as [y (Cp(U)u)u dp where, if we decompose

and make similar decompositions of A;), Cp,

4
Ch(u, ..., ) = i[Bh, Am](ty. .., w) +0 Y Bh(u,..., Amu, ..., 1)
p p e P N /

(13) , !
—i Bi(u,...,Ami,...,0) — A ¥ (u,..., q).

J

A way to solve (II) would be to find Bj so that C{ = 0. If one replaces in (I3)
(u,...,u) by (Ilp,u,..., I, u), where II, is the spectral projector associated by
the n-th eigenvalue A2 of —A, one gets to show that

(14)

(B, Am] (I, u, .. 10, @)+ GEE(0)) B (T, - . 10, 1) = —iAL (I, u, . 11, ),

where Gﬂf(n’) = Z§=1 /m? + )\%j — §=L’+1 \/m? + /\%J» One may choose m so
that, for some ¢ > 0, Ly > 0,
(15) d(Z, G (n') = el = e(ny + -+ ny) 71

as soon as the left hand side does not vanish trivially (i.e. as soon as trivial two by
two cancellations in the expression of Gfﬁe(n’ ) are excluded). If one replaces in the

bracket in (I4)), Am by A=+\/—-A+ (%)2, an approximate solution of (I4]) may
be obtained defining

+oo e X Dy /
Bf;(Hmu, oy ) = —i/ e_”AA;L](Hmu, . ,ana)e”AeZtGme(" )0(et) dt
0

[vww.ebook3000.con)



http://www.ebook3000.org

J.-M. DELORT 5

where 6 € C§°(R), 6 = 1 close to zero. Actually, using that the eigenvalues of A
are half integers, we see that ¢t — e_“AA;,fe“A is 4m-periodic. Decomposing this
function of time in Fourier series and using the small divisor estimate (IH), we check
that Bf; is a para-differential operator, and that (I4)) holds, up to some remainders.
Of course, this cannot be done when estimate (I3 does not hold i.e. when there is
a trivial vanishing of the left hand side. But the contributions corresponding to this
special case are in the kernel of {©Y, -}, so may be discarded since the equation we
need to solve is (I1) and not {F,, Gy} — H, = 0.

Using repeatedly the preceding method, we may eliminate as many terms as
we want in the right hand side of ([0, and deduce from (@) the wanted property
®).

Let us point out that several other difficulties have to be dealt with. First,
if one really wanted to define x as the value at time —1 of the flow of X, with
F =3 -, Fyand F, given by (IZ), one would have to solve an equation & = Xp(u)
which is not an ODE, at the difference with the case of semi-linear equations. This
comes from the fact that in (IZ), B, is of order one, so that Xr involves the loss
of one derivative. We circumvent this problem defining not x itself, but only its
action by right composition on functions, using iterated Poisson brackets as in (I0).

Another complication that appears when solving the “real problem”, instead
of the toy model (@), is that the Hamiltonian one has to study is of the form

(16) G(u,ﬂ):/X(Amu)ﬂdu—FRe /X(A(U)u)ﬂd,u—i—Re /X(C’(U)u)udu,

where C(U) is also a para-differential operator of order one, vanishing at U = 0.
Before performing the method we outlined above, one has first to reduce oneself
to an Hamiltonian of form (@). One does that in two steps. First, one eliminates
the Taylor expansion of U — C(U) at U = 0 up to a large enough degree. This is
done by a Birkhoff normal form method, involving functions of type ([I2)), but with
B, of order zero instead of one. Because of that, this step is purely semi-linear.
When this has been achieved, one obtains still a reduced Hamiltonian of form (I6]),
but with a C vanishing at large order at U = 0. One then makes a change of
unknown U — U = W(U), constructed in such a way that the new Hamiltonian is a
function of U of form (). This part of the reasoning is similar to the usual process
of diagonalization of the principal symbol of a quasi-linear symmetrizable system,
that allows one to prove energy inequalities in such a framework. Actually, the
construction of the change of unknown W is made from a convenient diagonalization
of that type.

Let us mention that we limited ourselves to polynomial non-linearities and to
spheres (instead of Zoll manifolds) to avoid some extra technicalities.
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CHAPTER 1

Statement of the main theorem

1.1. Notations. First statement. We denote by (X,g) the standard d-
dimensional sphere (d > 2), endowed with its usual metric, by A the Laplace-
Beltrami operator on X and by du the volume form associated to the metric, given
in local coordinates by du = (det g)l/ 2dx. The eigenvalues of —A are given by
AN =(m-1)(n+d-2),n € N*. Let f:RxT*X — R be a smooth function,
(z,p) = f(z,p), polynomial relatively to z and to the fiber variable of T*X. Assume
that f vanishes at least at order 3 on {0} x X (where X is considered as the zero
section of T*X). For v : X — R a smooth enough function, we define from f,v a
new function P[v] : X — R in the following way: If z denotes local coordinates on
an open set U of X, if p = (z,€) are the corresponding local coordinates on T*U,
f is a function of (z,z,&) on R x T*U, and we set
(1.1.1)

PLl(@) = 2 (st 20(0)) -3 (e ) 2,0 [tetg) 2 5L (vt 2. )]

We notice that P[v] is intrinsically defined. Actually, it suffices to check that,
for any smooth function h on X, compactly supported in the local chart U,
Jx P () dp(z) is intrinsically defined. Denote by {-,-} the Poisson bracket
on T*X given in local coordinates by

9f 99 _ 9f 9y
tgh = Z(@@ dz; 0z 0&; )
Then it follows from (LIT]) and the definition of dyu that

(1.1.2) /XP[v]hd,u—/X%(U,dv)hdu—k/X{f,h}(v,dv)d,u

which is intrinsic (We denote by dv the section of T*X given in local coordinates
byx—)( ,a (.’E)))

Our main result is the following one. For s in R, we denote by H*(X,R) the
Sobolev space of real valued functions on X.

THEOREM 1.1.1. There is a subset N of zero measure in |0, +oo[ and for any
m €0, +oo[—N, any P € N, there is s > 0 such that, for any s > sg, there
are g > 0, ¢ > 0, C > 0 and, for any € €]0,¢[, any (vo,v1) in the unit ball of
Hst3(X,R) x H*2(X,R), there is a unique solution v in C°(] —T., T.[, H*+*2)N

7



8 1. STATEMENT OF THE MAIN THEOREM

CY(| = T.,T.[, H*"2) of the equation

(02 — A + m*)v = P[]
(1.1.3) V=0 = €vy

6tv|t=0 = €U1
with T. > ce~F. Moreover, v satisfies the uniform bound

(1.1.4) sup |Jv(t, ) |ger1/2 + sup ||Ow(t, )| go-1/2 < Ce.
|-Te,Te[ |-Te,Te[

Remark: The assumption on f, together with (III]), shows that the right
hand side of the first equation in (LI3]) is a quasi-linear (polynomial) non-linearity,
vanishing at least at order two at zero.

Expression (LTI of the non-linearity will allow us to write equation (LI3]) as
a Hamiltonian system. Let us introduce the necessary notations.

Denote by J the matrix

(1.1.5) J= {(1) _01}

and for Z, Z' two functions in L?(X,RR?), define
(1.1.6) wo(Z2,2"y=('J2,2"Y = (Z,]Z"),

where (-, -) is the L?(X, R?) scalar product given by integration against the measure
dp. Let s € Ry, © be an open subset of H*(X,R?), F: Q — R a C! function. We
define the symplectic gradient Xz(V) of F at V € Q as the element of D'(X,R?)
defined by wo(Xp(V),Z) = dF(V) - Z for any Z in C>°(X,RR?). In an equivalent

way

(1.1.7) Xp(V)=JVF(V).
If G : Q — R is another C! function, we define the Poisson bracket of F and G by
(1.1.8) {F,GHV)=dF - Xg(V)=dF(V)-[JVG(V)]

as soon as the right hand side has a meaning, i.e. when Xg(V) belongs to a
subspace of D'(X,R) to which the linear form dF (V) extends. Of course, this
Poisson bracket should not be confused, though we use the same notation, with the
Poisson bracket on T*X used in (I2).

Let us rewrite equation (LL3) in the Hamiltonian framework. Let

(1.1.9) Am = V—A + m?

and define from the function v solving (LL3)), an element V of H*(X,R?) by
Vl
-l

If we set F'(v) = [y f(v,dv)dp, and if h € C*(X,R),

A0

1.1.10 Vi(t,z) =
( ) (t,x) AL/,

dF(v)-h:/ Plulhdy

[vww.ebook3000.con)
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as follows from (I7T]), taking h supported in a local chart domain. We define for
V in H*(X,R?), with s large enough
1

(1.1.11) Go(V) = §/X(AmV)'Vdu

G(V) = Go(V) — F(AL?V?).
Then, if H is in C°°(M,R?),
dG(V)-H = / (AmV) - H dp — / PIALY2VA(ALY2H?) dy
X X
which shows that
0
= Am _ _ .
VG(V) V+ [—Aml/QP[Aml/QWJ

Using (LII0), we see that v is a solution of the first equation in (II3]) if and only
if V' satisfies

(1.1.12) oV = Xg(V).
Let us write this equality using complex coordinates. We identify H*(X,R?) to
H*(X) % H*(X,C) through
1 2
(1.1.13) V= R;] —u= g(v1 +iV?).

More precisely, we identify H*(X,R?) to the submanifold {(U',U?);U? = U'}
inside the product H*(X,C) x H*(X,C) through

Vi u= LV +iv?)
1.1.14 V= —U = 2
( ) {VQ] a=2(V' —iv?)
If F'is a C! function on an open subset of H*(X,R?), we define

2 2

A F = g[dvlp —idy2F), dgF = %[dvlF +idy: F)
1.1.15
— V2 . N .
VuF = YZ[VyiF = iVyaF), VaF = Y2 [V F +iVys F)

If [Z;] (resp. {gﬂ), element of H*(X,R?), is identified through (LTI4) to the
element H = % (resp. H' = [2—:}) of H*(X), the symplectic form in complex

coordinates may be written

wo(H,H'") =i(H,JH').
Through identification ([CII4]), the expression of the Hamiltonian vector field in
complex coordinates is given by

(1.1.16) Xp(U) = —iJ[g';ﬂ =i'J[gir] =i G/F]-

If F and G are two C! functions on an open set of H*(X), whose differentials at
every point extend as bounded maps on L?(X), one gets the following expression
for their Poisson brackets in complex coordinates

(1.1.17) {F,G} = dF - X¢(U) = i[d,F - VoG — dgF - V,G).
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Finally, equation (LTIZ) may be written in an equivalent way

if we consider the function given by (LLII) as a function of the complex variable
U = (u,u).

1.2. Quasi-linear Hamiltonians and general statements. The goal of
this subsection is to introduce a general class of Hamiltonian equations, containing
(LIII), such that the associated equation (LTI2) or (LIIS) is a quasi-linear first
order system. This class has to be wide enough to be stable under the reductions
that will have to be made in the proof of Theorem [[L.T.1]

Let us introduce some notation. We denoted by A, = \/(n —1)(n+d — 2),
n € N*, the eigenvalues of V—A on X = S?. We call II,, the spectral projector
associated to A,. In particular, for any s € R, there is C' > 0 such that, for any u
in H*(X),

(1.2.1) C™ %, ul| 2 < |Mpulmge < Cne||Hyul|ge.

Fix ¢ a non-negative real valued smooth function on R, compactly supported
in ]0,4+o00[, such that Zj:ioo ©(277t) = 1 for any t > 0. We define 9(t) =

Z?Zim ©(279t) and we set for a distribution u on X and a natural integer j,
400 )
Aju= Z o277 ), 5 >1
n=1
+oo
(1.2.2) Agu = Sou=>_1(An) I,
n=1

J
Sju = Z Aj/u, j > 0.
3'=0

In that way, u is in H*(X) if and only if (277%||Ajul|2); is in £2(N).

We shall study an equation of the form of (LITI8) where the Hamiltonian G
will be expressed in terms of para-differential operators acting on U = [%] We
introduce several classes of multi-linear operators. If p € N* if U = (uq,...,up) is
a p-tuple of complex valued functions defined on X and if n’ = (nq,...,n,) is an

element of (N*)P, we denote
(1.2.3) U = (T un, ..o 1D up), 0] = max(ng, ..., np).

We assume given a strictly increasing function v : N — N| such that v(0) = 0, that
satisfies a growth condition of type

(1.2.4) v(p) +v(g) +a<v(p+q), p,g €N,
where a is some positive constant that will be adjusted later.

DEFINITION 1.2.1. Let p e Nym € R,v € Ry. One denotes by 731’,”’” the space
of p-linear maps U = (u1,...,up) = AU), defined on C(X)P with values in the
space of linear maps from C*°(X) to D'(X), such that, for any N1, Ny in N, there
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is C > 0 so that, for any U = (u,...,up), any (ng,...,np41) in (N*)PT2

_ . n n N
1MLy AL, ey < Cling = ) ™ (min [0, Z2EL ) g
Np+1 Mo

(1.2.5) N> p

v v nl
0% (1 1) T
=1

where (n) = (1+n?)1/2,

Remarks: e The definition implies that for any j,j' in N
(1.2.6)

P

1A AL U) A || 2y < C2 N3 lgim | "OIH (4 4 9=d /|y =Na T ML, e 2.
=1

The characterization of Sobolev spaces in terms of dyadic decompositions implies

that, for any s in R, any Ny € N, |n’|N2A(Hn/L{) extends as a bounded linear map
from H*(X) to HS~™ N2(X), with estimates

P
(127) )P NAT) | (e e menay < Camln! " T I el 22
=1

In particular, if u, € H(X), £ = 1,...,p, with ¢ > v(p) + v + 1, AU) =
> A(IL,U) defines an element of L(H®, H*~™) for any s in R.

e Estimates ([LZG), (L27) assert that elements of ﬁg’” are bounded from
H*® to H? for any s, and that in (LZH6), the coefficients U are spectrally localized
essentially for frequencies Ay, ..., Ay, satisfying |n’| = max(ny,...,n,) < 27. Such
properties are to be expected from para-differential operators. Nevertheless, they
do not suffice to give a class of operators enjoying a symbolic calculus. To define
a true class of para-differential operators, we shall not use symbols, but instead
a formulation in terms of commutators with differential operators, similar to the
Beals characterization of pseudo-differential operators [4]. In that way, we can give
a global definition on the manifold.

If A, P are two operators, we set AdpA = [P, A].

DEFINITION 1.2.2. We assume given a real number My > 1. For p € Nym €
R,v € R, we denote by ﬁ/:w the space of p-linear maps U = (uq,...,up) —
A(U), defined on C(X)P with values in the space of linear maps from C*°(X)
to D'(X), such that, for any family (Pi,...,Py) of differential operators on X,
of respective orders dy, ...,dy, for any N1, Ny € N, there is C > 0 and, for any U
in C®(X)P, anyn' = (n1,...,np) € (NP, any j,j" in N

(1.2.8)
i g/ i k v v
1A;Adp, - Adp, AL U) A | (g2 < C2 N3 1910y ek g ()Mo

P
(14277 |n'[) ™2 T el 2.
=1
If we want to make explicit in the notation the constant My in the above estimate,
—~—m,v
we use the notation HV,, [My] for the preceding space.

Remarks: e In comparison with (LZ0]), we see that (LZS) gains —1 on the
order of the operator every time we make act a commutator with a Pj/. This gain
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is traded against a loss on the smoothness of the coefficients U, given by the power

Myk of |n'|. In general, My will be a constant strictly larger than one.
—1,v+1 —~—m,v

e It follows from the definition that ﬁ/: CHY,

o If Aisin H\Il;my, it follows from the definition that for any P, ..., Py as in
[CZ3A), any N2 € N, any s € R, there is C' > 0, and for any ¢/ in C*°(X)?, any n’
in (N*)P
(1.2.9)

In'|"?||Adp, - - Adp, AL, U)||

p
v v+Mok

c (HS’HSfmfNQ*EI; de+k) < Gy /| PV MO E”Hne“lnﬂ-

Conversely, if such an estimate holds for any P, ..., Py, s, No, then A satisfies
(CZ8). This equivalent characterization shows in particular that, if ¢ is in C*°(X)
and A is in Iﬁ:’y, then A and A6 are in fﬁ:’y. Moreover, estimate (LZJ) with
Ny = 0,k = 0 shows that if u, is in H?(X) with ¢ > v(p) + v+ 5 for £ =1,...,p,
then U — A(U) extends as a continuous p-linear map from H? x --- x H? to
L(H®, H*~™) for any s.

e One has an inclusion

m,v m,v+2M,
(1.2.10) HY," ¢ prvtaMo,

Actually, we may write

(A2, — A% )P, AL, U)TT

Tp+1

nper = g Ada Adp AT, W)L,

so that (L2.8]) implies estimates (LZ9) with v replaced by v + 2M.

e Note that it suffices to assume that (28] or ([L29) holds when the orders
dy,...,d; of Py,..., Py are zero or one. Actually, any differential operator on X of
order r > 1 may be written as a finite linear combination with smooth coefficients
of expressions X7 ---X,/, with 7/ < r and X; smooth vector field on X. This
allows one to deduce (L2Z9) (and so (L23)) for general Py’s from the estimates
corresponding to operators of order zero or one.

We define from the preceding classes operators whose coefficients are given in
terms of a single function U = (u, u) instead of a p-tuple of functions.

DEFINITION 1.2.3. Let m € R,v € Ry,p € N. One denotes by HV" (resp.
Pyv) the space of functions U — A(U), defined for U = (u,u) in C(X), with
values in the vector space of linear maps from C*(X) to D'(X), such that there
is a family A; of elements of Pff\flj’y (resp. ﬁ;””’), 0<j<p, so that

(1.2.11) A(U) :zp:Aj(u,...,u,ﬂ,...,ﬂ).

As in the case of multi-linear operators, we see that if o > v(p) + v + %, any
element U — A(U) of HU"Y or PJ"" extends as a continuous map from H?(X)
to L(H®, H*~™) for any s.

We denote by HY""[My] the same space as above, when we want to make
explicit the constant My used in the definition of ﬁ:’y[Mo].

We may deduce from the definitions of the preceding classes composition results.
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LEMMA 1.2.4. Let m,m’ be in R, v,v/ be in Ry, p,q be in N. Assume that
(CZ4) is satisfied for some a < v+ v'. The following inclusions hold:

’ ! ’ ’
——m+m ,v+v —a

(1.2.12) HU, [Mo]o HY, = [My) C HY,,,, [My)
HU" [Mo] o HU ¥ [Mo] € HY ™ = [M]

when p >0 and g > 0,
Nerm',VJrV'

HVY, " [Mo]o HY, " [Mp] C HY, . [Mo)

HYT [Mo] o HU [Mo] € HU ™V [ M)

(1.2.13)

ifp=0orq=0,
HY

m,v ~_ 1 7 ~, / /
’ m' v m~+m' v+v' —a+2My

» [Mo]oP, C Ppig

~ Nm/,y/

(1.2.14) p;nw o HV, [Mo] € ﬁ;}_—i{;m v —a+2M

Py o P ¢ prdmivty/za
ifp>0andq>0. If p=0 or g =0, one has similar inclusions with a = 0 in the
exponents of the right hand side. Finally, (LZI4) holds also replacing everywhere
HY (resp. P) by HY (resp. P).

Proof: To prove (LZI2), one notices that if U’ = (w1, ..., up), U’ = (Upt1,. .., Uptq),
Adp, ---Adp, [AU") o B(U")] may be expressed from

(Adpi1 ce AdpieA(ul)) 9] (Adel N ~Adpje/B(u//))

where ¢ + 0 =k, {i1,..., 5} U{j1,...,.5er} = {1,...,k}. One has just to apply
characterization (LZ9) of the HW-spaces, together with ([C2)), to obtain the first
inclusion in (L2ZI2), (LZI3). The second inclusion in those formulas follows from
the first one.

To prove the last inclusion (LZI4]), one writes

HnoA(Hn’u/) o B(HnuZ/IU)H = Z(HnoA(Hn/ul)Hn) ° (HnB(Hn”uH)anH)a
and uses (LZA). The first and the second inclusions (L2) follow from the third
one and from (L2.I0). This concludes the proof. O

Np+1

We have defined up to now operators homogeneous of order p in some function
U. We shall need as well similar classes for which the U-dependence will be only
C1l, with some vanishing when U — 0. If o is a real number (that will be large
enough in practice), we set for R > 0,

(1.2.15) B,(R)={U € H°(X); |Ul||u- < R}.

DEFINITION 1.2.5. Let m € R,v € Ry,p € Nyo > 0,R > 0. One denotes
by V" (B, (R)) the space of maps U = (u,u) — A(U), defined on B,(R), with
values in the space of linear maps from C>®(X) to D'(X), satisfying the following
conditions:

(i) For any family P, ..., Py of differential operators of orders dy,...,dy on
X, for any N € N, there is C > 0 such that, for any U € B,(R), any j,j’ € N
(1.2.16)

i—i'lad k — v v—o
1A;Adp, - "AdeA(U)Aj/HL(L?) < o~ Nli—i \23[m+ze:1 dg—k+(Mok+v(p)+ )+]||UHII)_IU'
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(it) For any j,j', Py, ..., Py as above, the map U— A;Adp, --- Adp, AL, U) A
is C' on B, (R) with values in L(L?) and, for any o’ with |o'| < o, the differential
in U extends as a linear map from H® (X) to L(L?) such that, for any N € N,
there is C' > 0 so that, for any U € B,(R), any j,j' € N, any H in H"'(X)

(1.2.17) | A;Adp, - Adp, (O AU) - H)Ajr|| £ (12

< O Nli=gglm+ i demkt Mok 00+ 7 21 | H |

Remarks: ¢ We may write equivalent formulations of (L2216, (L211), asking
that for any s € R, any P, ..., Py as in the statement of the definition, any o’ with
l|o'| <o, any U in B,(R), any H in H? ,

(12.18)  [[Adp, -+~ Adp, A(U) < clul,

Hg(HS o (m+z de—k:) —(N10k+u(p)+ufo')+)
and
(1.2.19)

[Adp, - - Adp (Bu A(U)-H)|| < CIUIo 1 H | o

cEe (7n+z dg—k) 7(1\40k+u(p)+1/7<7/)+)

e In (I2.18), (I219) it would be enough to assume that these inequalities hold
for all k such that Mok + v(p) + v — 0 < 1. The inequalities for larger values of k
will follow from the fact that P, is bounded from H*® to H*~% for any s and the
assumption My > 1.

e As in the case of the preceding multi-linear classes, the space ¥;""(By(R))
is stable by multiplication at the left or at the right by functions in C*°(X). More-
over, it is enough to assume conditions (LZT6), (C217) (or (L2I1), (TZTIY)) for
operators P, of order zero or one.

o It follows from Definition and from ([28)) that if ¢ > p and if v/ is any
number with v/ > v + v(q) — v(p) + 3, HWF" is contained in \Il;””/(Bg(R)) for
any o > 0, any R > 0 (using characterization (L21]) of Sobolev norms).

Let us state a composition result for the operators of the class we just defined,
similar to Lemma [[LZ4l We shall need later on to control some semi-norms that
we introduce before the statement. If P = (P, ..., Py) is a collection of differential
operators of orders dy,...,dg, if 0 € R, we set Adp = Adp, --- Adp,,

k
(1.2.20) a(P,p,v,0) = Zdz —k+ (Mok+v(p)+v—o0)4.
=1
If Aisin ¥p""(By(R)) and o’ is in [0, 0], we define
(1.2.21)
NS (A) = S A A s0e e
PICP

ma)ﬁ;;,gl)(/‘) = Z sup  [|Adp/ (9, A(U) - H)”c(Hs,Hs—m—a(P’,p,u,a’))
prep HHI or <1

where the sums are taken over all sub-families of P.

LEMMA 1.2.6. Let mym’ € R, v,/ € Ry, p,p’ € N, R > 0. Let 0 > 0
satisfying the inequality o > min(v(p),v(p’)) + min(v, V') and let U — A(U) (resp.
U — B(U)) be in V(B (R)) (resp. W7, (B,(R))). Then U — A(U) o B(U)
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is in \Ilz;t:(r;/’;?;x(y’ul)(Ba(R)). Moreover, for any P = (Pi,..., Py) as above, there

is a constant C > 0, depending only on P, R,p,p’,v,v ,m,m’,s, ' € [—0c,c] such
that, if p’ = max(p,p’), v = max(v, ')

(1.2.22)
m&m—i—m/,s (AOB)< Cmo,m,s (A)mo,m',s (B)
(P,p"v",0) - (P,p,v,0) (P.p'v',0o)

mlﬂn—i-m/,s (AOB)SC[mo,m,s (A)ml’m/’s (B)_’_ml,m,s (A)‘T(O’m/7s )(B)]

(P.p" v ,0") (P.p,v,0) (P.p'v'o') (P,p,v,0") (P.p'v'o

Proof: 'We may write Adp(A(U) o B(U)) as a linear combination of quantities of
the form (Adp' A(U)) o (Adp»B(U)) where (P',P”) is a partition of P. If k' (resp.
k", resp. k) is the cardinal of P’ (resp. P”, resp. P), we shall deduce estimates
(CZ18), (CZTY) for the composition from the corresponding estimates for each
factor, if we have the inequality

a(P',p,v,0) +a(P".p' V', 0') < a(P, max(p,p), max(v, '), o)

for |o/| < o (and the same inequality with o and o’ exchanged in the left hand
side). This follows from

(MoK 4+v(p)+v—0) 4 +(Mok" +v(p")+v' —0") + < (Mok+max(v(p), v(p'))+max(v, v )—0')+

which is a consequence of the assumptions on o, ¢’. Inequalities (L.2:22]) follow from
the proof. O

To state a more general version of Theorem [[.T.I] we introduce classes of func-
tions defined on B, (R), in terms of the preceding classes of operators.

DEFINITION 1.2.7. Let me Rjv e Ry,pe N;g € R,R > 0. Assume
1
(1.2.23) o>v(p)+v+ 3 20 > m.

(i) One denotes by HF)'y (Bo(R)) (resp. HF, ) (By(R)), resp. HF}""(Bo(R)))
the space of functions F defined on B,(R), real valued, that may be written, for
some element Ay, of HV™" as

(1.2.24) F(U)=Re /X[AP(U)u]udu
resp. as
(1.2.25) F(U) = Re /X A, (U)ula dg,

resp. as the sum of an element of HF,'y (By(R)) and an element of HF,y{ (B (R)).
One uses the notation HF"" (B, (R))[Mo] when one wants to keep track of the
constant My as in the definition of HWV"[My].

(it) One denotes by F,'y (Bs(R)) (resp. F'y (Bs(R)), resp. F;""(By(R)))
the space of functions defined on B,(R) by similar expressions as above, but with
Ap in VI (Bs(R)).

(iii) One denotes by G)""(By(R)) the space of functions defined on B, (R) as
FV(Bo(R)), but with A, in P,
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Remarks: e We shall call elements of HF,"y (By(R)) (resp. HF, (B, (R)))
elliptic (resp. hyperbolic) elements.

e Since A,(U) sends H? to H°~™, the second assumption ([.2.23)) shows that
(C224), (L225) make sense.

o It follows from Definition[LZ3land inequality (LZT) that if F is in G (B, (R))
and o is large enough relatively to m, v, then VF' is in H~™.

Let us define the set N of exceptional values of the mass that have to be
excluded. For m €]0,4o0[, defineif pe N, 0 <l <p, { e Rfor 0 <j<p+1,

p+1
N ZW Y e

(1.2.26) j=0+1
GBL (s Gp) = Z\/m27+g2 3 Jm?

Jj=e+1

Denote by Z(p) (resp. Z'(p)) the set of those (ng,...,np11) € (N*)PT2 (resp.
(n1,...,np) € (N*)P) such that there is a bijection 7 : {0,...,¢} — {¢+1,...,p+1}
(resp. 7:{1,....0} = {{+1,...,p}) with n,;y = n; for any j = 0,...,£ (resp.
j =1,...,0). Of course, these sets are empty if p is odd, or if p is even and
¢ # p/2. Then, Theorem 4.7 of [17] (see also, for similar results in one dimension,
Bambusi [I] and Bourgain [12]) asserts that there is N C]0, +00] of zero measure
and for any p € N, Ly > 0 such that, for any m €]0, +oo[—N/, there is ¢ > 0 with

|Fpﬁz(/\nov s "p+1)| > C(no +oo 4+ np-‘rl)iLO
1.2.27
( ) inf |GPE(A nl,...,)\n)—i—— > c(ng + -4 ny) ko
aEl P 2
for any (no, ..., np11) € (N*)P*2 — Z%(p) and any (n,...,n,) € (NP — Z'(p)
respectively.
We may state a more general version of Theorem [LT.1]l

THEOREM 1.2.8. Let P € N* be given, R > 0,/ € R,. Let P/ € N*, ¢ >
v(P')+v+ % and let for any 1 < p < P’, G, be an element of H};}’”/(BU(R)).
Denote Go(U) = [y (Amuw)udp and G(U) = 25;0 G,(U). Then for any m €
10, +00[—N, there is sp > 0 such that, for any s > sg, there are ¢y €]0,1], ¢ >
0,C > 0 and, for any € €]0,¢[, for any ug in the unit ball of H*(X), there is a
unique solution u in C°(] — T, T.[, H*(X)) of the equation

(1.2.28) up = iVaG(u, u), u(0,z) = eugp(x)
with T. > ce~ . Moreover
(1.2.29) sup ||u(t, )|l g < Ce.

[t]<T.

In the rest of this subsection, we shall prove that Theorem [[LZ.8 contains The-
orem [LT.Tl We do need the more general statement of Theorem [L2.8 because the
structure of G = G, will be stable along the proof.

We have seen that the proof of Theorem [[L.T.Tlmay be reduced to solving equa-
tion (LII8) with a Hamiltonian G given by ([LIII]), with V related to U = (u, u)
by (LII3). Consequently, Theorem [[.T1] follows from Theorem [[2.8 and the fol-
lowing lemma:
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LeMMA 1.2.9. Set G(U) = Go(U) — F(A,;l/zg(u —4)). Then G has the
structure of the assumption of Theorem [L28] for any fizted R > 0 if o > v(p) +
V+2,V> +1 and v(p) > ( +1) foranyp=1,...,P.

Before glvmg the proof of the lemma, we shall establish some properties of
= [y f(v,dv) dp, where (z,p) — f(z p) is a smooth function on R x T*X|
polynomlal in z and in the fiber variable of p, and v is in Lip(X), the space of
real valued lipschitz function on X. We denote for a while by {-,-} the Poisson
bracket between functions on 7*X, as at the beginning of subsection 1.1. We
consider systematically any smooth enough function on X as a function on 7T X,
independent of the fiber variable. For h a given element in Lip(X), f : RxT*X — R
a smooth function, we define a new function D(h)f from R x T*X to R by the
formula

(1.2.30) DS = h—qn, 1.

This new function is no longer smooth in p € T* X, because of the limited smooth-
ness of h. Nevertheless, a composition D(h1) ---D(hy)f is still meaningful, for any
hi,...,hy € Lip(X): for instance

5 f

D(h)D(h2)f = 5 5hihz = {h, 53 ha = {ha, 531 + {ha, {h1, £1}

never involves more than one derivative acting on each h;. By an immediate com-

putation in local coordinates, one checks that F(U f + f(v,dv) dp is a smooth
function on Lip(X), whose differentials are given by

(1.2.31) dPF(v) - (h1,...,hy / HD (v, dv) dp.

This formula, and the above expression for D(h;), shows that when v stays in a
fixed ball of Lip(X),

P
(1.2.32) |dPF(v) - (ha, ... hp)| < C TR luipco 1B a1z a

j=3
We shall need bounds on the commutator between the symmetric operator associ-

ated to the bilinear form (hy, hy) — d?F(v)(h1, h2) and differential operators. We
fix some notation: if wy,...,w, are smooth functions on X, if £ € N, we set

P
(1.2.33) My (wy, ..., w,) = > [T110%w;llLipcx)-

e[ ++-+lap | =k =1

DEFINITION 1.2.10. Let p € Nyr € NNm € Z. If m < 0, set I/f;l:LT =
{0}. If m > 0, we denote by ff;l:r the space of p-linear maps (v1,...,vp) —
A(vi,...,vp), defined on C(M,R)?, with values in the space symmetric bilinear
forms on C*°(X,R) x C*°(X,R), satisfying the following condition: for any local
chart  : V. — U from an open subset V of X to an open subset U of R%, for any
71,72 in N with |y1| + |y2| < m, there is a map

Ay iy - (l‘,Ul,...,vp) — aryhyz(l‘,’l}l,...,’up)

1.2.34
(1.2:34) UxC®(M,RP =R
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which is p-linear in (v1,...,vp), smooth in x, satisfying for any o € N¢
(1.2.35) |03 Gy o (2,01, -, 0p)| < O Mg gr(v1, ..., 0p)

such that, for any hy, hg in C§(V,R),
(1.2.36)

A(viy ..., vp)(h1,ho) = Z / Uy s (2,01, 0p) (D[R 007 1)) (872 [h2 007 1)) dax.
U

[71l+]v2l<m
One denotes by HAJ', the space of maps v — A(v) that may be written A(v,...,v)
for some A in mZT
We shall use the following lemma:

LEMMA 1.2.11. Let P be a differential operator of order £ on X, A be an ele-
——m
ment of HA, .. Then (hi,ha) — A(vy,...,vp)(Phi, ha) — A(vy, ..., vp)(h1," Phy)

s in Zg, 1H.Apr+¢/ .

Proof: If A is in H.Ap .
study from expressions

/ @y s (2,01, 0p) (031 [Phy 0 071]) (972 [hz 0 071]) du
U

we may write, according to (L2386, the quantity under

- /U Ay (2,01, 0p) (03 [ha 0 07 (072 [(* Pha) 0 071]) dov

If we perform integrations by parts in the second integral, we get expressions in-

volving at most ¢ derivatives of a., , and |y1|+ |y2| — ¢’ + £ derivatives of (hy, hs)

+o—t'
for 1 < ¢’ < {¢. This shows that we obtain an element of Zz' 1 HA;nrH, . O

Proof of Lemma We denote by @ the pseudo-differential operator of order
-1/2, Q = A;ll/z\z/—?[l — 1], acting on complex valued functions U = [%] The
Hamiltonian G of the statement of the lemma is expressed in terms of

U~ FQU) = [ 1(QU.dQU)

Using notation (I.Z2]), with the convention S_; = 0, we write Id = jjg(sj—sj_l)
so that

+oo
F(QU) =Y (F(QS;U) - F(QS;-1U)) / dF(QS;(t)U) - QA;U dt
j=0

where S;(t) = tS; + (1 — ¢)S,-1. Applylng the same decomposition to U —
dF(QS,; ( )U), which is possible since dF'(0) = 0, we get

+oo +oo
(1.2.37) F(U ZZ/ / 2F(QS; (1, t"\U) - (QA;U, QS;(t) A, U) dtdt’

Jj=0y5'=0

with S/ (t,t") = S;(t)S;(t'). We use Taylor formula to decompose

Z dp+2F WP

[vww.ebook3000.con)



http://www.ebook3000.org

J.-M. DELORT 19
where the sum is finite since F' is polynomial. Plugging this expression in (237

and using the expression (L231]) of dPF', and the fact that F' vanishes at least at
order three at zero, we may write

(1.2.38) F(QU) = f A, (U) - (U, U),

where the symmetric bilinear forms A,(U) are given by

+oo +oo
(1.2.39) => Z/ / AT UL ) dtdt, p > 1,

J1=031=0
denoting
(1.2.40)
AU, ) - (Hy, Hy) = / D(QAS, H)D(QS;, (1)As; Ha)gy (U, ) oy x i
with
(1.2.41) 9p(U, 2, p) = [D(QS}, 1 (t, YU f (2, p)

(The restriction in the right hand side of (L2Z40) means restriction to the zero
section {0} x X of R x T*X).

To finish the proof of the lemma, we have to show that G,(U) = —A,(U)-(U,U)
is in H}“I}’”/ (B, (R)) with 0 > v(p) + v/ + 3 for any p > 1. This follows from next
lemma. O

LEMMA 1.2.12. For U = (Un,...,Up) a family of C=(X) functions, set

P
(1242) gp(uatvt/vzap H Qsjlj t t)UK) f(Z,p)

and define Af;l’ji U,t,t") (resp. Ap,(U)) by (LZAQ) (resp. (LZ3D)) with g, re-
placed by G, and with U replaced by U. Then, if we identify these symmetric bi-
linear forms on C*°(X) x C*(X) to the corresponding linear maps from C*(X)

— 1
to D'(X), Ap(U) belongs to HY, if v/ > v(% 4+ 1) and v(p) > p(% +1).

Proof: Define for p € N*
(1.2.43) BN Ut V) (Hy, Hy) = / D(Hy)D(Hs)GpU, )| 0y x x dpe-

Let us check that B;'”’ Visin H App, with constants in estimates (L235) uniform
in g1, 7, t, ¢,

It follows from the definition of D(h) that |D(hq)---D(hy)f| is bounded from
above by a constant times C []}[|h;]|Lip(x)- Expression (LZ42), and boundedness
of pseudo-differential operators of order —1/2 like @S, g +(t,t") on Lip(X), show
that 02 derivatives of §,(U,t,t’, z, p) are bounded, when (z p) stays in a compact
set, in terms of M |(Uy,...,Up) defined by (LZ33). If in (LZ43), Hy, Ho are
supported in a chart domain, it follows that Bj'” ' (U, t,t')(Hy, Ho) is given by an
expression of form (LZ36) with m = 2, and with 0%-derivatives of the coefficients
@, v, bounded by the right hand side of (ILZ38) with » = 0. This shows that
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BIM Ut 1) is in HA,
inition of g,, B,J,I’Ji(Hn/Z/{,t,t’) = 0 if |n/| > €2™G131) for some large enough
constant C. o,

We have to deduce from these informations on B;'”' the conclusion of the
lemma for A,(U). Identifying bilinear forms and linear maps, we deduce from

([CZA0), (LZA2), (LZA3) that A2 may be written in terms of BJ7! by

(0, uniformly in jy, jq,%,¢'. Moreover, because of the def-

(1.2.44) AU ) = Ay QB UL, 1)QS), (DA

Let P = (P1,...,P;) be a family of differential operators, and denote Adp =
Adp, --- Adp,. By definition of A,(U) and (L244)

(1.2.45)
1 1 o,
SN / / AjAdp[A;, ' QB (Tl t,1)QS, (1) Ay ] Ay didt.
: -/ 0 0
JiJ1

The integrand may be written from a sum of terms
(1246)  A;Adp[A,"Q] - Adpo [BY (IL U, )] - Adpo[QS), (A0,

where P' UP” UP" is a partition of P. Let ¢ € C§5°(R — {0}) with ¢p = ¢, and
denote by Ej = ¢(277v/—A) the corresponding spectral cut-off (with the obvious
modification for j = 0). We insert AjQAjQ, Ejé Ajy in (LZ46) and rewrite this
expression as

NN K d2) Ay Adpn (B (Ttd 1,8)] Ay K (G5, 41, )
J2 4
with
K(j,ju,d2) = 8jAdpr (8, Q1A K' (s, 41.,5) = By Adpr [QS, (DA ;1A
By Proposition [A1] of the appendix, for any N € N, there is Cy > 0 such that
1K (G, 31, d2)l ey < Cn 2~ Nlli—itl+li1—j2ll=3+iD
1K (4, 3 3 22y < ONQfN[Ij’fji\HjifjéH*’; +5'D’

with D = 3 pcp deg(P) — [P'|, D' = 3 pepi deg(P) — |P"]. These estimates,
and an elementary computation, show that (CZZ5) will satisfy (LZ8) with m =
1, My = 1 if we may prove that for any Ny € N, there is Ny such that

(1.2.47)
18, Adpr (B (Tlh )] Ay | o1y < ©2 N1z 351N (51 =32l 15— D 972 2+ D")
v 2 g _
| [" PP 279 ) =N T M, e 22,

where D" =37, 5, deg(P) — |P"|. Note that a commutator [P, B i (IL, U, ¢, )]
is the translation at the level of linear maps of the quantities studied in Lemma 1.2.11

at the level of bilinear forms. By this lemma, AdpuB]j,.l’ji (IL, U, t,t') will be the
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—— D" —a+2
sum indexed by a in {0,..., D"} of elements of H,AmpuaHa. Expressions ([L2.36))

and bounds (LZ35]) imply that the left hand side of (247 is smaller than
CMpo|yo(pUh) Z 92 |v2l+35val
[v2|+]7v5| <D —a+2
By ([233) and Sobolev injections, this is smaller than
P
(1.2.48) /| o[ 441] 972(D"H2)+ (D7 2=a)liz=da |/ | 2772 T [T we | -
1
We have seen that if B} i (IL U, t, ') # 0, then |n/| < C'min(271,271). This shows
that ([2Z48) implies (LZAT) with v(p) = p[2 + 1} if we are able to show that we
may improve (L248)) by a factor 2N1“jl*jQ‘HJ—i*jé‘i‘j?’jé” for any N;. To do so, we
denote by A; a new cut-off such that, for j > 0, AA; = 2% A;. When 0 < j5 < ja,
write
222 Ay, Adpr [ B (T, £, 8)]A 5, = Ay, AAdp [BY I (Tl 1, )] A
= A AdaAdpn [BY (TLuth, 1, 1)) Ay, + Ay Adpo By (Tuld, ,1)] A, 2775
If we apply estimate (L2.48]) to the right hand side of this equality, we get a bound
given by the product of (L248) and of
|n/|2j2 + 9273 < C[2j2+j£ + 223'5].
Consequently, we gained the factor
9it =iz | 92(is=i2) < C9—lis—i2l+1it—ibl
A symmetric reasoning applies if jo < j}, so that we have gained, in the special case

N7 = 1, the missing factor N1 [l g2+ 151 —dal —li2—dall Iterating, we get the case of
an arbitrary Nj. O
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CHAPTER 2

Symbolic calculus

The quasi-linear Birkhoff normal forms method, that will be used to prove
Theorem [[L2.8] will rely on properties of commutators of operators belonging to
the classes defined in Definitions [[Z.3] To establish such properties, we
need a notion of principal symbol that will be defined through local models of our
operators, acting on functions defined on the Euclidean space.

2.1. Operators on R? and their symbols. In the same way as we defined
dyadic cut-offs acting on functions on the compact manifold X in (CZ2]), we define
for u in S'(R%), j in N

APy = F 1 (p(2771¢)a), j > 1
Afu= S§u=F(p(|¢))a)

J
S’jEu: E A}E,u.
—

where @ (resp. F~!) denotes the Fourier transform (resp. the inverse Fourier
transform) on RY, and where ¢, are the functions introduced at the beginning of
subsection 1.2.

(2.1.1)

m,v

DEFINITION 2.1.1. Letm € R,v € N,p € N. One denotes by ﬁp’foc the space
of p-linear maps U = (Un,...,U,) = AU), defined on C=(X)P, with values in
the space of linear maps from C°(RY) to D'(R?), such that the distribution kernel
of A(U) is supported in a compact subset of R x R? (independent of U) and such
that for any family of differential operators P, ..., Py of order dy,...,dy, for any
U in C®(X)P, any n' = (n1,...,np) in (NP, any 4,5’ in N, any N1, Ny in N,

HA?AdP1 . -AdpkA(H,L/L{)A?, lcez2)
is bounded from above by the right hand side of (L2.3)

As in the case of global operators on X, one can give an equivalent definition in

terms of estimates of the form ([Z29). We define from HU. .. the space HW""

p,loc p,loc
as in Definition [[L2.3]

DEFINITION 2.1.2. Let m € R,v € N,p € Nyjo > 0,R > 0. One defines
U iee(Bo(R)) as the space of maps U — A(U) defined on B, (R), with values in
the vector space of linear maps from C3°(R?) to D' (RY), such that the distribution
kernel of A(U) is supported in a compact subset of R x R? independent of U, and
such that for any family of differential operators P, ..., Py of orderds, ..., dy, for
any N € N, for any o’ € [—0,0], any U € B,(R), any H € H° (X), any j,j €N,
||AJEAdp1 s AdpkA(U)A?, ||E(L2) (resp. ||A;3Adpl te Adpk (8UA(U) . H)A?, ||L',(L2))

is bounded from above by the right hand side of (L2I6) (resp. (L2I)).

23
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As in the case of the global definition, one may give an equivalent characteri-

zation in terms of estimates like (C2IX)), (LZTY).

We introduce classes of symbols that will allow us to give alternative descrip-
tions of the preceding classes of operators.

DEFINITION 2.1.3. Letm € R,v € N,p € N. One denotes by Hs
of functions

o, 1OC the space

a:C®(X)P x TR = C
(ulv"'vupax7£) — a(ula"'vupax7£)
which are p-linear in (u1,...,up), smooth in (z,§), and satisfy for any «, 5 € N¢,
any U = (u1,...,up) in C®(X)?, any n’ = (n1,...,np,) in (NP, any (z,§) €
T*R?, any N € N
(2.1.2)

—N p
« m— v v « n
10208 a(TLulh,,€)| < O (€810 3000 MHM(” <§>> Tt el o
1

We define also a class of symbols that are not homogeneous in U.

DEFINITION 2.14. Let m € R,v € Njp € Nyjo > 0,R > 0. One denotes by

Spine(Bo(R)) the space of maps
a: B,(R) x T*R? — C
(U7I7£) % a(U7I7£)

which are smooth in (x,€), C* in U, and satisfy the following conditions:

(i) For any o, 3 € N, there is C > 0 and, for any U in B,(R), any (x,£) in
T*R?
(2.1.3) \82‘8?@(& z,8)| < C<§>m—\B\+(Mo(|a|+\l3\+d+1)+u(p)+v—0)+ HU”I;IU

(i) For oll o, B8,2,£, U, H — (6;‘8?8Ua)(U,:E,§) - H extends as a continuous
linear form on H® (X) for all o' with |o'| < o and satisfies
(2.1.4)
(0502 00a) (U, ,€) - H| < C(g)™ I MUt Dt @y e=e s gt )

We quantize the preceding classes of symbols in the following way. If v is in
Cs°(R?) and a is in S”%” (B, (R)), we set

p,loc
1

(2.15) Op(all )0 = v / e a(U, . £)0(€) de.

We use a similar formula to quantize elements of HS 1.

If x is in C§°(R?), a belongs to HSp loc
(2.1.6) ax (U, z,€) = X(Da /() [aU, 2, €)] = F ' [x(n/{€))aUd, 1, €)]

where a(U,n, ) is the a-Fourier transform of a(U, z, f). We use a similar notation
for elements of S\ (B, (R)). The definition immediately implies that a, belongs
to the same space of symbols as a.

If x is supported in a small enough neighborhood of zero, on the support
of ay(U,n,§), In| < ||, so that (¢ +n) ~ (£). For technical reasons, we shall
have to consider symbols for which a weaker version of this spectral localization is

p,loc*
we set
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m,v

or " (B,(R)) such that for any A € R,

p,loc p,loc
(Dy + &)M€)a is still in the same class. We shall use eventually the following
lemma:

LEMMA 2.1.5. Let a be an element of I‘ITS':IZC (resp. S7Y (Bs(R))) such that

p,loc
(D +ME) a is in the same space for any A € R. Let 0 in S(R? x RY) and
b w,,€) = O, y)alh,2,€) (resp. B(Usa,y,€) = 0(z,y)a(U,2,)). Then, for
any n' in (N*)?, any X in R,

020007 [( Dy + &) (€)0(ILuld, 2, y, €I,

satisfied, namely symbols a in HS

resp.
102070 [(Dx + E™ME) bV, 2, ]I,
resp.
02070 [(Da + M€ Oub(U, ,y,€) - H)|
is bounded from above by the right hand side of ZI2) (resp. ZI13), resp.
Z19)).

Proof: Tt is enough to prove that the operator (D, + §>/\9<Dm + §>_’\—9 is bounded
on L*(dz), uniformly in &,y, for any A € R. The distribution kernel of this
operator, at fixed &, y, is

1

e [ ) g+ 0 = (10 ) dedn,

K&y(xa J"/) = (27_(_

where é((j ,y) is the Fourier transform relatively to the first variable. Integrating by
parts, one checks

|Key(z,2")| < Oylz — 2| "o — o)™V (z) ™Y

for any N, from which the £(L*)-bound follows. O

We relate the symbols we just defined to the local operators.

ProprosITION 2.1.6. Let me R,y € Njo > 0,R > 0.
(i) Let A be an element of HV , .. (resp. W' (B, (R))). There is a (unique)

p,loc

symbol a in fl\g’:l; (resp. S™" (B,(R))) such that for any A € R, (D, + £)(&) a

p,loc

is still in the same space, and such that A(U) = Op(a(ld;-)) (resp. A(U) =
Op(a(U;-))).

(ii) Let a be a symbol in HATS’Z; (resp. S)Y0.(By(R))) such that for any

X ER, (D, + &M a is still in the same space. Let 61,05 in C°(RY). Then

——m,v+2My(d+1 m.v
610p(a)fy belongs to HY . ol (resp. ‘Ilp,foszo(d'i_l)(Bo(R))).
i1i) Let a be a symbol in HS. . (resp. S™" (B,(R))). Let x be in C°(RY
p,loc p,loc 0
with small enough support, x =1 close to zero. Then, for any j >0, a —a,, is in
——m—j,v+jMo —j v+ M
HSp,loc (r’esp. S;Tlog - O(BU(R)))

Proof: (i) Let A be an element of HU
kernel of A(U) and define

Denote by K (U, z,y) the distribution

p,loc*

all,z,6) = | KU, z,y)e "9 <qy
Rd
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so that Op(a(f;-)) = A(U) and Op(9%(i9¢)Pa(d;-)) = (Ads, )*(Ad, )P A(U). Since
K is compactly supported, we may choose 0,0, in C5°(R?) such that one has
K=0,(x)K02(y). We compute

alU,n,§) = /e_m'(H")@l(iv)K(U,%y)eiy'f@z(y) dyd€dx
= /e_”'(&")ﬁl(:E)A(Z/I)[ei<5">92(~)] dx
This implies, for any A € R,

020 a(Iuth,m, )] < [ 01| (Ada,)*(Ade)” AL L) ) Bo] 11

Using that He_i(c")tng o (¢)* when |¢| = +00 and inequality ([ZZ3), we obtain
H

o p
050 a0, €) [ < g 4+ )™ (€ Py O M D T
1

By Sobolev injection, we get the same estimate for

0207 ((Da + M) alllu . 2,6))|

if we replace in the right hand side v by v + My(d 4 1) and discard (€ + )~ (€)™
This gives the wanted estimate (ZI2), showing that for any A, (D, + £)*(€) *a is

in H Sp loc-
The proof of the analogous statement for operators in ¥

using (LZI8) and (m)

(ii) Let a be in HSp loe+ Since 610p(a)fs ,satisfies the support property, we just
need to check estimates (28] for the operator Adp, - - - Adp, [01Op(a(IL,/U; -))0s].
By the last remark following Definition [[L2.2] we may assume that P, is of order
zero or one, so either of the form b(x) or b(z) 5> 9_ for some function b in C§°(R?).

Let o (resp. ) be the number of those ¢ such that P, is of order 1 (resp. 0). The
kernel of [b(x) 52, 610p(a(U; ))02] (resp. [b(x), 010p(a(ld; ))b2]) is

" (B5(R)) is similar,

D, loc

1

W/M VEGWU, 2y, €) dE

with

U, ,) = Zbk 20002 (1) g [0, . )65 + () g [0a ()t . €102 )]

+aiyj[b<y>el<x>a<u,x,@ez(y)]
with by, a smooth function on R? x R? (resp. with
d
iU, y,€) =iy bi(r,y)0 (v )as U z,€)0>(v)).
k=1

Computing in the same way iterated commutators, and using Lemma we
conclude that Adp, --- Adp, [010p(a(lf;-))82] = Op(b(U;-)), where, for any A € R,
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any N € N,
(2.1.7)
1029207 [(Da + OME) P b(Lulh, ,y, €)]| < C(€)™ 18 /| P+ Moot BT

|n'|>N p
x| 1+ ||Hneu€” 2,
( © H "

and where Op(b) is the operator with kernel (27)~¢ [ @Y Ep(U, x,y, €) dE. Let us
estimate ||A;Op(b(ILnU; ) Ajr |l £(z2). We decompose b(U, z,y, §)=>_ ., bjr (U, 2, y, &)
with the notation bj = bp(277" |¢]) for j > 1, by = bip(|€]). The kernel K (U, z,y)
of A;Op(bj»)A; may be written by a direct computation

1

(2m)

Kj”(u7$,y) = /ei(w_y)fcj”(uux7y7€) d§

with

. _ ! il2C+2'¢') yo—ile _ e Ao
ey U.9,) = g [ (2l = o e = otz )

X bU,x — z,y — 2, &) dzdz'dCd(’

when j” > 0,5 > 0,5 > 0, and similar expressions when 7, j’ or j” is zero. If we
write

DUz — 2y —2,) = (D: =& (Do + 60U,z — 2,y — 2. )
and integrate by parts in z, we get the expression
(2.1.8)

Cj”(Hn/uyrv Y, &) =

(e 2= / eleet='g 2791 — ¢y |6 = ¢ D277 J€])

xbU,x — z,y — 2',€) dzd2’'d¢dC’

(27r)2d

where b is the symbol in the left hand side of (ZI.7), and where ¢; has the same
support properties as ¢, with estimates of its derivatives uniform in j. Let us show
that, for any N, N’

(2.1.9)

|5£ﬁ’cj,, (U, z,y,€)| < €27 Mm=F)[max (279, 279" 273")]18 19~ N"(li=3"I+1"~5"])

P
% ‘n/‘V(;D)+v+JVIo(a+ﬁ+d+l+|ﬁ \)(1 + 2*j"|n/‘)fN HHUZHL2-
1

To do so, we perform Nj integrations by parts in (2I.8) using the vector field
L=0+|¢)*1+4¢ - D.). The estimate (ZI7) show that we gain in that
way a <C’)7N1 factor. Next, perform Nj integrations by parts using Lo = (1 +
12/|*)" (142" - D). We gain a factor (2/y~N2_ Finally, we integrate by parts using
Ls = (14 2%[2*)"1(1 + 2%z - D¢) to gain a factor (272)™*. We obtain for the
modulus of 3? /cju a bound given by the product of

p
CQj”(m—B)[maX((2—j72—j/’2—j”)}\,6’\|n/|V(P)+V+M0(a+B+d+1+|B \)(1+2—j”‘n/‘)—1\1 HHW||L2
1
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and of
IO —N 1\ —N: i \—N. / /
2 /1\5—<\~2J‘1\5—<'|~2ﬂﬂxgmw (€)7THE)TTHRR) dede dgdC

If we integrate for |¢’| > 219"=3"1 for some ¢ > 0, we get, choosing A conveniently
and N; large enough, a factor O(Q’N/“j’j,mj/*j””), whence the upper bound
ZI3). If we integrate for |¢/| < 217"l the cut-offs show that |j/ — j| has to
stay smaller than a fixed constant, so that we get also the wanted estimate ([ZI.9I).
If we go back to the kernel K, perform d + 1 integrations by parts in £ and use

ZI19), we get a bound

K (Wld, 2, )| < €201+ min(27, 29", 277 )|z — y[] =4 1o N I5=7 141" ="

p
x 2j”(m—ﬁ)|n/|V(P)+V+M0(a+ﬁ+2(d+1))(1 + 2—j”|n/‘)—N H||UZHL2'

1

The L£(L?)-norm of A;Op(b)A;: is bounded from above by the sum in j” of the
L'(dz) (or L'(dy)) norm of K~ (Il U,x,y), so by

P
23 (m=p) |n/|V(P)+V+M0(a+ﬁ+2(d+1)) (1 + 27j|n/|)7N27N'|jfj’\ H||UZHL2
1

——m,v+2My(d+1
for some new value of N’. This shows that 6;0p(a)fy is in H¥ M@y

claimed.

The proof of the corresponding statement in the framework of the S;? Y (By(R))
class of symbols is identical.

(iii) This statement follows from the formula

= [(5) oo (B)] ()

for any j > 0. O

p,loc as

We have already obtained, in the global framework, results of composition
of operators (see Lemma [[2Z4] and Lemma [[2.6]). Nevertheless, to see that a
commutator between two operators is one order less than the sum of the orders, we
need to study, for local operators, the symbol of the composition.

THEOREM 2.1.7. Let m,m’ be real numbers, v,v’" in Ry, o > min(v(p),v(q))+
min(v, ') + My(2d + 3). Assume that

(2.1.10) v(p) +v(q) + v + My(2d+3) <v(p+¢q), p>0,q>0.

Let A be in ﬁl;nlgc (resp. ¥'\" (B,(R))) and B be in I/{V\I/ZLIOZ (resp. \Ilml’”,(Bg(R))),

p,loc q,loc
Denote by a and b the element of f{\fg';nlsc (resp. S)v" (By(R))) and fl\g’;nloz (resp.

p,loc

S;’?{O’Z/ (B,(R))) given by (i) of Proposition L6 Let x € C$°(R?) be equal to one
close to zero, with small enough support. Then, if 6 € C5°(R?) is equal to one on
a large enough compact subset of R, we may write for any U’ in C=(X)?, U" in

C=(X)1
(2.1.11) AWU') o BU") = 00p[(ad’, )bU", )]0 + CU' U"),
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resp. for U in Bs(R),
(2.1.12) A(U) o B(U) = 60p|(a(U,-)b(U, )0 + CU),

where C is an element of
—~ m+m/ —1,v+Mg(2d+3) ’_ ’
resp \I/m+m 1,max(v,v")+Mq(2d+3)

H\ijJrq,loc ( © ¥ max(p,q),loc (Bs(R))) if p > 0,q > 0 and of
—~ m+m'—1,v+v'+2My(2d+3) +m/—1, V) Mo (2d+3 .
HU, o (resp. w”m“ax’&vq)’lj‘jx(” v+Mo2d+3) (B (R))) if p=0 or q = 0.

Remark: Of course, if one assumes instead of (ZII0O), v(p) + v(q) + v +
My(2d+3) < v(p+q) for p > 0,q > 0, one gets the same conclusion with v and v/
exchanged.

o

Proof:  Let A be in ﬁl;nlgc and B in I/{\\f/;nloz . Let 6,6, be in C§°(R?), with

010 = 6 and A6 = A,0BO = B. By (iii) of Proposition ZT.0] for any A € R,
——m—1,v4+ M

(Dy + M) Ma— ay) is in HSZIOC "M and we have a similar statement with b.

Applying (ii) of Proposition 2T.6] we may write
A= 91Op(ax)91 =+ Al, B = 91Op(bx)91 + B4

——m—1,v+My(2d+3) m'—1,0'+ Mg (2d+3)

with Ay € HV,, and B; € }/I\\f'q,IOC . Using (ZI.I0) and
Lemma [[.2.4] we write
(2.1.13) AB = 0,0p(a,)070p(by )61 + C,

where C1 is a contribution to C' in ([ZIIT]). The first term in the right hand side
may be written 6;Op(c(U4, -))01 where

U, €) = @ / e Cay (U, € — OBz — )by Uz — 7€) dzd(

if U € C°°(X)PT? has been split in U = (U, U") € C(X)P x C>(X)4. Then
(2.1.14)

C(U,CE’,&) - axbx(u,x,§)91($)2 = @/e—iz([ax(u/’img - C) - ax(u/ﬁnvg)}ef(x - Z)

by (U" 2 — 2,€) dzd(.

The right hand side may be written, performing an integration by parts, as

1 ! :
(2.1.15) W/o /e—wf(agax)(u’,x,g—tg)Dm[af(x—z)bx(u”,x—z,g)] dzd(dt.

We perform d+1 integrations by parts using the vector field L = (1+¢?)~!(1—¢-D.)
to get an absolutely convergent integral in ¢. If we replace in (218 U’ by 11,/ U/,
U" by IL,U", each D, derivative acting on b, makes lose a power |n”["*. We
decompose 07 as

(2.1.16) 01 (w) = (X\(D/())67)(w) + (w, £)

where |820(w,€)| = O((&) N (w)™N) for any N,~. Let us study first the contri-
bution to [ZITIH) coming from the first term in the right hand side of (Z2.I.I6]).

If Supp x is small enough, the support properties of bAX(Z/{” ,m, &) imply that, in
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, we may assume |(| < [£| on the domain of integration. This integral,
computed at II,U instead of U, is thus bounded from above in modulus by

v (P)+v-+Mo(d+2) | 1110(q)+v"+Mo (2d+3) ‘g In/|\ N In"| -V
C|TL/‘ p 0 |n//‘ q 0 <£>m+m — ( +E) (1—|— <£> ) H”HneuZ”LQ'

—~m+m’—1 2w+My

Using (Z.I.10)), we get estimates (Z.I.2)) of an element of HS,,, . ifp,g>0
—m+m’'— 17V+V/+M0(2d+4) . . . . .
and of HS), | 1oc if p or ¢ is zero. The derivatives are bounded in the

same way, and the symbol obtained making act (D, + £)*(¢)”* on (ZILI5) satisfies
similar estimates, again because the a-Fourier transform of ([ZIIH) is supported
for |n| < |€| if Supp x is small enough. If we consider the contribution of § in
(ZLI6) to (ZLIN), and use that 9,0 = O((¢)™ " (w)™™) for any N, and the fact

that L-integrations by parts allow one to gain any (( >7N<§ YN factor, one sees that
the corresponding contribution to (ZIIH) is in H HS, ptaloc for any N, as well as the

action of (D, +&)M(€)™ on on that function for any A. It follows from (ZII3)
and from (ii) of Proposition that

(2.1.17) AB = 0,0p[03a,b,]01

modulo an operator C' satisfying the conclusion of the theorem. Since AB = 6 AB#,
we may write as well, modulo such a C, AB = 00p|a,b,|6. Write a,b, = (ab), —
with

7= [(axby)x = (axby)] + ((@ = ay)b)y + (ax (b — bX))X'

—1,v+My .
p+q10c lfp>0,q>

By (iii) of proposition 2.I.6land (ZI.I0Q), r belongs to H HS.

——m+m/ —1,v+My(d+2) . .
0 and to HS if p or q is zero. The associated operator contributes

p+q,loc
to C' in (ZII2). This concludes the proof in the case of homogeneous operators.
The case of operators in ¥ (B, (R)), \Ifznloz (Bs(R)) is treated similarly. m]

Let us finish this subsection with a similar result for transpose and adjoint.

THEOREM 2.1.8. Letm e R,y e Ry,pe N,R > 0,0 > 0. Let A be an element

of the space ﬁ;:c (resp. W' .(By(R))) and let a be a symbol in HSP loc (resp.

S (Bs(R))) given by (i) of Proposition [2 If x is in C§°(R), has small

p,loc
enough support, and is equal to one close to zero, zf9 is in C3°(RY) and is equal
to one on a large enough compact set, then, denoting by A and A* the transpose
and the adjoint of A for the L?(R%, dz)-scalar product,

(2.1.18) 'A=00p(ay)0+ Cy, A" =00p(ay)0 + C;
——m—1,v+My(3d+5 1
where Cy,Cq are in HY . FMo(3dFS) (resp. \I/;flocl’ +M°(3d+5)(BU(R))) and

where aV(z,€) = a(x, =£).

Proof: Because of the support assumption on the kernel of A and of (iii) of Propo-
sition ZT.6, we know that we may write A(U) = #Op(a, )0 modulo a remainder of
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form Cy, Cy. Moreover, ‘Op(a,) = Op(b1), Op(ay)* = Op(be) with

h(w.€) = G [ ¢ Sanla = 2=+ Qe
(2.1.19)
bo(z, &) = (Qi)d /e—izfax(x — 2,6 = () dzdC.

Because of the support of a (¢, —§+(), (:1;((, £—(), we may insert a cut-off x1(¢/(£))
inside the integrals in (ZII9) if x; = 1 close to zero, Supp x; small enough. Then

1 —iz-
h(2.€) =y (2. =€) = 57 [ € CHED o= 2. =€+ 0) —ay .~ e
Since the term between brackets vanishes at (z = 0, = 0), we see, performing d+ 1
- 2
LU =V that by (x, &) — ay (2, —€) may be written

1Jr<§>2‘IZ‘2+M (d+3)
wam—Lyv+Mo m—1,v4+Mo(d+3
(resp. W LMD (B (R))).

as ¢y, (v, &) for some symbol cin HS, .
Using (ii) of Proposition 1.6, we get that C; = Op(cy, ) satisfies the conclusion of
the theorem. One treats in the same way the case of the adjoint. O

integrations by parts using L =

2.2. Principal symbols. In this subsection, we shall define principal symbols
for para-differential operators on the manifold X, and use them to study commuta-
tors between such operators. We first study the action of a change of variables on
local operators. If X, X’ are two manifolds and x : X — X’ is a diffeomorphism,
we denote by 7, : T*X — T*X’ the canonical transformation induced by x. In
local coordinates

(22.1) Tt (2,6) = Tu(2,€) = (w(2), "dr(2) 71E).
We denote by «* : C§°(X') — C§°(X) the map defined by £*u = u o .
PROPOSITION 2.2.1. Letm € R,y e R4, R> 0,0 >0, V, V be two open sets of
Re, k:V — V be a O®-diffeomorphism, let 6,0',0,0" be in C5°(V) with 60 =0,
0’0 = 0. Let AU) (resp. A(U)) be an element ofHWZfZC (resp. \I/Z,Lfgc(Bo(R)))-
Then B = (k= 1)*0A0'k* is in Iﬁ;nlsc (resp. W0 (Bs(R))). Moreover, if x1 €
C’gof(ﬂlﬁ)meguals one close to zero and has small enough support, if a is the symbol
in HS, . (resp S)5%(Bos(R))) associated to A by (i) of Proposition L6, we
may write

(2.2.2) B=(0or1)Op[(#0aor 1) ](0 ok 1) +C
——m—1,v+My(3d+4 m—1.v
where C' is in HY |, Y (resp. \I/pJOCl’ +Mo(3d+4) (Bs(R))).

Since 0'k* = 0'k* (6’ 0k~ 1), this operator preserves Sobolev spaces. The charac-
——m,v
terization of HW,,  and W»" (B, (R)) in terms of estimates of type (L29), (L2.I8),
(C219) thus shows that B is in the indicated space of operators. We just have to
show the statements concerning symbols.

LEMMA 2.2.2. (i) Let W be a neighborhood of the diagonal in X x X. Let
(0:)icr be a smooth partition of unity on X such that 0;(x)8;(y) # 0 implies

(x,y) € W. Let J = {(i,j) € I x I;Suppb, N Suppl; # 0}. For any A
. = my mov .. ———=—m—=r,v+rM
in HY, (resp. V" (B,(R))), A — 32 jyes0iAb; is in HY, ° (resp.

gmorvtrMo(Bo(R))) for any r > 0.
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(ii) Let W be a neighborhood of the diagonal in R x R, K a compact subset
of R%, y € C°(R?Y), x =1 close to zero, with small enough support. Let (91)161

be a smooth partition of unity on a neighborhood of K. For any A in H\I/p loc
(resp. W' (By(R))) with support in K x K, there is a symbol a in HSP)IOC (resp.
Spoc(Ba(R))), compactly supported in x, such that A=3",; o ;0:0p(ay)8; is in
——m—r,v+My(r+2d+2)

HWY

p V+MD(T+2d+2)(BU(R))) for any r > 0.

p,loc (resp \IJ

Proof: (i) We notice that if 6;,6, are smooth functions with disjoint support,
—~—m—r,v+rMy

01 Ay is in HV,, (resp. W= HtrMo(B,(R))) for any r > 0: actually, if 0
is in C*°(X) and 00, = 61, 005 = 0, we may write for any r € N

6,465 = Adj - - - Ady (61 Aby).
N——

T

We just have to apply the characterization of ﬁlz%y (resp. W"(B,(R))) to get
the conclusion.

(ii) The same proof as above, together with the fact that A is supported in K x
K, shows that A=}, . ;0;A0; is in the wanted space. By (i), (ii), (iii) of Propo-

sition 216} there is a symbol a in HV, 1 (resp. ™" (B, (R))) such that 0;A0; —

p,loc

7 v+Mo(r+2d+2 —ry IS
0;0p(ay)0; belongs to H\Ilpnloz Folrtadtz) (resp. W' 0 TMolr2442) (B _(R))) .

We may assume moreover that a is compactly supported in a neighborhood of K.
This concludes the proof. O

ploc (

LEMMA 2.2.3. Let k be as in the statement of proposition 21l Let a be
in ﬁ,JS’:Ll;’C (resp. S)\5.(By(R))), compactly supported in x in a compact subset
of V. Let x € C(RY), x = 1 close to zero, with small enough support. Let
(x,z) = v(z,z) be a smooth function, such that (x,y) = v(z,z —y) is compactly
supported in V x V, and such that (x,z) — ~(x,2) is supported for |z| < p < 1.
Define ford = (Ui, ..., U,) € C*(X)? (resp. for U € B;(R))

(22.3) bU,z,&) = # / T @ = @mAy (4 ay (U, 57 (@), ) dedC

(resp. b(U,z,£) given by the same formula with U replaced by U). Let T €
C§°(R —{0}) be equal to one on a large enough compact subset of R — {0}. Then
one may write

(2.2.4)
b(U,m@) = ﬁ /ei[(w_a:/)'n/"rZ'(C/—£)+(5*1(w’)_wu)_nu]
s
x cU,z', 2", z,n'\n", ¢ &) da'dx" dzdn'dn" d¢" + by (U, z, €)

where, for any A € R, (Dy+&ME) by is in HY O for all v > 0 (resp.
b(U, z,€) may be written as ZZA) with U replaced by U and (D, + &) (¢) by
belonging to W' "Y' (By(R)) for any r > 0, A € R), and where ¢ is a function

p,loc
supported for

(2.2.5) "] < (¢) ~ (&) ~ (E+)
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and satisfies estimates
(2.2.6) (0% 0%, 020007, 07, 00 c(Muld,«’ 2", 2,1 " ', )|

-N p
<C<§>m55’ﬁ”lleln/|V(P)+V+M0[|a'+|°‘”+|‘5|+7+d+11(1+m> [Tl 2
= (€ )
resp. ¢ satisfies the estimates
(2.2.7) 0% 0%, 020000, 90, c(U, ' 2" 2, " ', €)]

< C<€>m—\l3\—\B’|—IB”\—|7|+(V(p)+V+Mo[|a’\+|a”|+|6|+h\+d+1]—0)+||U||1;J
and the estimate
(2.2.8) |05 02,0200}, 00,0010 c(U, o' 2", 2,0, 0, ¢, €) - H]|

_ _ 1 "y _ M ’ 1" 6 d ! _
<cE™ 1B1=18"1=18" =17+ (v (p)+v+Mo[|a’[+]a”|+[5]+|v|+d+1] J)+||U\|%Ul||HHHo/

for any o € [~0,0], any H in H” .
Moreover, the restriction of ¢ at z =0 is given by

(@', 0)|det s (s (2)) Ix (0" /{"dr (™ (2')) - ¢'))

<0 )P (et ot tasts @ €

(resp. by the same formula with U replaced by U ).

(2.2.9) ¢|l.eo =

1
Pk

Proof:  Let us prove the lemma in the case a € /IJS’ZI:C We may write the
definition (223) of b
(2.2.10)
1 if(@—a )"+ (v @)~k (@ —2 R € T P
bU,x, &) = on) /e [( '+ (k77 (2) ( NEH (T (") ) 51’7(33/72)X(77N/<<>)

xaU,z",¢) dx'dz" dzdn'dn' dC.
On the support of y(z', 2)T((Va (k712" — 2) - €))/(£)), the quotient (()/(£) stays

between two uniform constants (since 2’ — z stays in a compact subset of V), and
the function I'y (2" — 2,(, &) = (1 = T)((Vw (k712" — 2) - €))/(€)) satisfies

(2.2.11) 0% (2 — 2,¢,€) = O(1).

Define b} as the function given by formula (Z2I0) with I'; inserted inside the
integral, and define

_1—i(Ve (s (@' —2) () —§) - V.
L+ Vo (572 (@ = 2) - Q) = €[
Performing integrations by parts using L, and denoting by ® the phase function

in (ZZI0), we write

1 1/ T m/ m// z ’ 1
(2.2.12) (U, z,€) = W/ei)( a2 C.6)

x CLO)N (2!, 2)x (0" /(T2 — 2,¢,€)aUd, 2", ¢)] da’ dx dzdn dny dC.

1
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We note that, if the domain over which I' = 1 is large enough, on the support of
I'y = 1T, either (¢) > (§) or (¢) < (£), so that every L;-integration by parts
will provide a gain of (1+ [¢|+ |¢|)~!. Consequently, the symbol in the integral in
[(2ZT12)) satisfies the same estimates as a, as well as its derivatives, with a gain in
(14|¢|+]€))~N. If we insert inside the integral another cut-off w(n'/(1+£2+¢2)1/?),
with w in C§°(R?), and use that the integrand is compactly supported in (2, 2", z),
we obtain for the corresponding contribution to 4] a bound in
’ ! _N/
(2.2.13) Cn (&)~ |/ [V (1 + %)

if N> N’. Similar estimates hold for derivatives. Moreover, if we make act on b}
the operator (D, 4 £)*(€) ™, and use that (' + £) is controlled by the gain coming
from the integrations by parts, we still get a bound of type (ZZI3]).

Consider now the contribution to b] given by [2212) in which we insert (1 —
W) /(1 4 €% 4 ¢*)'/?), with w = 1 on a large enough compact set. We consider

1=V (@) - (" + Q) = (' +8)) - (Vor + V2)
L+ Vo (71 @) - (7" + Q) = (o + O
and perform NV integrations by parts using Lo. We get

1 i®(z,x’ 2" zm' n" 77/
g [ O [0 ()
X ((tLl)N['Y(xlv Z)X(U”/@))Fl (xl - % Cv g)a(u’ 'T”’ C)])} dxldxl/dZdU/dnﬁdC-

Since on the support of the integrand, |[n”| < (¢), |n'| > (1 + |¢| + [¢]), the
integrations by parts gain a (14 || + [17”| + |¢| + |€]) Y factor. We obtain again
a quantity bounded by 2213)), with similar estimates for the derivatives or for
the action of (D + £)*(¢)™" for any A. Consequently, b} contributes to by in
2Z4). Let us study next by, which is given by ([22.10) where we insert the cut-off
T((Va (k712" — 2) - €))/(€)). In particular, {¢) ~ (£) on the domain of integration.
We decompose b = by + b}" with

(2.2.14)  bo(U, z,€) = %/eifb(x,x’,x”,z,n’,n”,(,g)F(<Vx’(:‘€_1(x’).C)>)

(2m (€+n)
~ ’Y(LE/, z)X(T/H/<<>)F<<VII(R (<z> — Z) | C)>>a(u7 :EN, C) dx’dx"dzdn’dn”d(

and b]’ being given by the same integral, with the first T' replaced by 1 — T'. We
study first b}’, performing N integrations by parts using Lo. We get

1 ei@(m,z’,z”,z,n',n”,(,&)t N _ <Vx/(liil($/) ) <)>
(2.2.15) —(27T)3d / L {(1 I) ( €+ >

2) <)) ) aUd, 2", g)] da' da" dzdiy dny" d.

L,

<ol foye (S

On the support of the domain of integration, |n”| < (¢), () ~ (§) and either
(¢) < (&+n') or (¢) > (¢ +n'). This implies that the integrations by parts gain a
factor (14 [¢| + € +7'|)~Y, and that (2:2.15) has a bound of form ([Z2.13), as well
as the action of (D, + £)(¢)™" on this integral. Since derivatives are estimated in
the same way, we conclude that b}’ contributes to b; in (Z2Z4).
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Finally, we are left with showing that by may be written as the first term in
the right hand side of ([2Z24). Since the cut-off v is supported for |2/| < p <« 1,
we may write, if p is small enough, k= 1(2') — K~ 1(2' — 2) = 'B(2’,2) "'z, where
B(z',0) = th( L(2")) and B(a/, 2) is an invertible matrix for any z with |z| < p.
Setting ¢ = B(z/, z) - ¢’ in (22Z14)), we rewrite

]_ . 71,/ o) - r_ H_l I/ 715// ;!
bo(U, z,€) = (%)Qd/ezux J 42 (¢ =)+ (s @) ) "]

cU, 2’ x", zn' 0", &) da’da" dzdn' dn’ dl’

with
e, 2) 7 (Vo (s~ (@) - Bla',2) - ¢)
cha 2z, 608 = T X<< B@.2) <'>>F< E+) >
><F<<Vx’(“ (! _Z<)£)> (B’ Z)'C,)>>a(1/{,x",B(x’,z)-C/)

for another smooth function ¥, compactly supported in (2/, z) in |z| < p < 1, such
that

F(x',0) = (2, 0)|det de (k™ ()]

We note that (ZZZ1) and estimates ([Z26]) hold true, and that ¢|,—¢ is given by
@29). This concludes the proof of Lemma [Z23] as the case of symbols in
S (By(R)) is identical. O

p,loc

Proof of proposition 2221 We consider A in HU \Ilp loe- According to Lemma [Z22]
we may find a C§°(R?¢ x R?)-function, (z, z) — 71(z, ), supported for |z| < p < 1,

satisfying 00'(z)v1(z,0) = 00'(z) and such that A(U) is given, up to an operator in
—— m—ru+ Mo (r+2d+2)

in HU for any , by the operator A(i) with kernel

p,loc
1 .
K(u, x, y) = W / ez(m—y)-f,_ﬂ (LE, T — y)ax(uv xz, g) df
where a is an element of HS.. », IOC, compactly supported in z. The distribution kernel

of the operator (k1)*0Af'k* will be

1

0o Klil(iE)W

[T O 0 yhay W (@), dE 0 017 )
where
Y(z,2) = 0o (z)y (kH(2), k Hz) =k Hz—2))0 ox ™ (z—2)|det dv ™ (z — 2)).

Consequently, (k1) *0AU)0'x* = (for=")Op(b(U,-))(' o k1) where b is given by
22Z3). We apply Lemma By (Z24)) and (ii) of proposition [ZT.6] we may

replace b by the first term in the right hand side of (Z24]), up to an operator in
——m—r,v+2My(d+1) 3 . .
HY, o for any r > 0. Write ¢ = ¢g + ¢; where ¢y = ¢|,—¢ is given by

223). The contribution corresponding to ¢y to the first term in the right hand
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side of (ZZF) is

(2.2.16) F<%

=1 (g ) [0 0 ettt 7). e o) - )]

) [ (@, )ldet i (@) ax U, 57 (2), 'dic(s (@) - €)|

We write
(60'ay) o1, = (00’ (ay —a)) o7 + [(00'a) o 7., — ((00'a) o Tyo)y, | + ((00'a) o 7o),
with x1 € C5°(R%), x; = 1 close to zero. By (iii) of Proposition 216 the first

—~—m—r,v+rMy

two terms in the right hand side belong to HS

makes act on them the spectral cut-off F(%) of (22.I0)), one obtains elements

p.loc for any r > 0. If one

of the same space, that stay in it if one applies (D, —|—f>)‘<§>7>‘ for any A € R.
(&

Consequently, since F(m)xl(D/<§)) = x1(D/(§)) if Supp x1 is small enough,
we may write
(v~ 1)*0A40'k" = (Bor™)Op(((60'a)oTs)y,) (0 0k ™) +(Bor™")Op(b)(8' or ") +Ch
where C) contributes to C' in ([Z22) and b is given by the first term in the right
hand side of (Z24]), with ¢ replaced by ¢; = ¢ — ¢|,—¢o. We may write ¢; = zc],
where ¢} satisfies estimates ([222.6)), with v replaced by v + Mj.

Then

(2.2.17) b(U,z,€) = ( 1)2d /ei[(w_”/)'"I+Z'(</_5)+("71(wl)_”‘”)'"”]
) ) 27_[_

x i(0g ) U, 2’ 2"z, 0", ¢ &) da'dx” dzdn'dn” dC.

Consider the vector fields

B e ) — o
_1-i§)*(@—a) - Vy
e -

1|z Ve
= 2,12 —2My -
L+ [27(€)7 /|77
If we perform N integrations by parts using L3, L4, Ls, use (Z28]) and the support

condition (ZZH]), we estimate [Z2I7) by

_ _ _ — Mo\ —
/(1+<€>|f~”» Ha') = 2" )TN+ (Gl — 2T+ [T
X ]]-\77“|<<(§’>~(§>~(§+n/>dx,dx”dZdn/dn,/dCI

_N
—_ 14 v+ M, d 3 n/
X <S>m 1|n" (p)+v+Mo(d+ )(1 |< >>
/|

—N
< C(gym | P MOBES) <1 + %) .

Since the derivatives are estimated in the same way, we get an element of
—~—m—1,v+My(d+2)

b loc , which stays in that space if we apply any (D, +§>)‘(§>7)‘
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because of the support condition (Z2Z35). The corresponding operator is in

—~—m—1,v+My(3d+4) . . .
ploc by (ii) of proposition ZZI.6l This concludes the proof, as the

case of operators in WI'i" (B, (R)) is similar. O

Let us define a principal symbol.

DEFINITION 2.24. Let m € Rjv € Ry,;p € Njo > 0,R > 0. One de-
notes by ﬁg;n’y(T*X) (resp. S;"V(B,(R),T*X)) the space of maps (U,p) =
(Ui,...,Up, p) = a(ld, p) (resp. (U, p) = a(U, p)) which are defined on C>(X)? x
T*X (resp. By(R) x T*X ), with values in C, which are p-linear in U (resp. C*
in U ), smooth in p, and such that for any local coordinate system r defined on an
open satyV of X, with values in RY, for any 0 in C*(V), (fa) o7t is an element
of HSp_jOC (resp. S77Y (Bs(R))).

p,loc

DEFINITION 2.2.5. One says that an element A ofﬁ;n’y (resp. WiV (B, (R)))
admits an element a of ﬁg':’y(T*X) (resp. SV (B,(R),T*X)) as a principal

—m—1,u+

4
symbol modulo HY, (resp. \IJ;"’L”M(BU(R))) if and only if, for any x
in C°(RY), x = 1 close to zero, with small enough support, for any local chart
k:V C X — R% for any functions 0,0',0,0" in C5°(V), with 00 =0, 0'0' = ¢',

(2.2.18) (k7 1)*0A0' K" — (Ao~ 1)Op[((00'a) o 77 1), (0 0 k1)
——m—1,v+¢ _
is in HY . " (resp. \I'Zfloi’erZ(Ba(R))).

Remark: If ¢ > M(3d+4), the above definition is coherent. Actually, consider
two local coordinate systems r : V/ 5V, kWS W, where V, W are non disjoint
open subsets of X, and V', W are open subsets of Re. Let 6,0',0,0' be in C§°(VNW),
with 0 =0, 0’6’ = 0" and set O = k(VNW), O1 = k1 (VN W). Then

(k)" 0A0 KT = (ko kT o) (k1) A0 K* (k1 0 ko)
= (ko ry o) (Bor " )Op[(80'a) o 7. ] (6" 0 ™ 1) (k1 0 K o)

——m—1,v+¢{ _
modulo HV,, . " (resp. \I/;:Llocl’”H(Ba(R))). By proposition 2.2} this is equal
to
(0w )OP[(80'a) 0 7,1y, (0 0 7 )

——m—1,v+My(3d+4
modulo HY FMo(ad+)

of Proposition 2.6, we may replace x; by any other function y in C§°(R?), x = 1
close to zero, with small enough support.

(resp. \I/m_l’V+MO(3d+4)(BU(R))). Of course, using (iii)

p,loc p,loc

PROPOSITION 2.2.6. Let m e R,v e Ry ;v € Ry, p,ge N, o > 0.

1) Every element of av." resp. Y (B,(R))) has a principal symbol
P P
—m,v ——m—1,v+My(3d+4
a in HS."(T*X) (resp. S"(B,(R),T*X)) modulo HT, "™ fresp.

m—1,v+My(3d+4
vy T e (B (R)).
(ii) Let a be an element of HS,,  (T*X) (resp. Sy (B,(R),T*X) ). There

is an operator A in ﬁ/:’u (resp. WY (By(R))) whose principal symbol modulo

——m—1,v+Mo(3d+4) m—1,v+Mo(3d+4 .
HV, (resp. U, +Mo(3d+ )(BO'(R))) 15 a.
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(iii) Assume o > min(v(p),v(q)) + min(v, v') + My(3d + 4), and, when p > 0
and g > 0, assume moreover that [ZII0) holds.
Let A be in I/-I\\f/myy (resp.  WprY(Bs(R))) and B be in I/-I\\f/m " (resp.
m —~—m— 1 ,w+Mo(3d+4)
Ur v (By(R))). Denote by a a principal symbol of A modulo HV,

(resp. W, 1”+MO(3d+4)( B,(R))) and by b a principal symbol of B modulo
——m'—1,0'+My(3d+4 m =1 . L
HY, oG (resp. Wyt b +]V'[O(gd—%)(Bg( R))). Then ab is a princi-
——m+m’—1,v+Mq(3d+4)
pal symbol for Ao B modulo HY when p > 0,q > 0, modulo
——m+m’—1v+v +2My(2d+3) . .
HY, ., if p or q is zero (resp. modulo the space
m~+m’ —1,max(v,v" )+ Mo (3d+4
m;;c(PJI) > JHMo(Ty )(BU(R)>)

(iv) With the notations of (iii), a¥ (resp. @) is a principal symbols of A and
——m—1,v+My(3d+5
A* modulo HY,, M) (resp. \Ilzl’V+M°(3d+5)(Bg(R))).

Proof: (i) We consider (6;);c; a finite partition of unity on X, such that, for
each couple (i,7) of J = {(4,5) € I x I;Supp#; N Suppf; # 0}, there is a chart
kij © Vij = Vij from the open set V;; of X to the open set Vij of R?% such that

Supp 8; U Supp; C V;;. We have seen already in the proof of Lemma [Z22 that
——m—1,v+M,
Z(” ¢J6‘ Af; is in HV,, o (resp. Wm—Lr+Mo(B (R))). For each i in I,

choose 6; a smooth functlon such that 6;6; = 6, and that Supp6; is a compact
subset of V;; for any j such that (¢,5) € J. We consider
(k') 0:A0;(ki5)* = (0; 0 k") [(K;1) 0 A0, (k4)*)(0; 0 k1),

The characterization of I/{V\Il;n’y (resp. W (B,(R))) in terms of Sobolev spaces
given in (m (m, (CZT19) and Definition 2Tl imply that the term between
brackets is in H\I/p loc (resp. " (B,(R))). By Proposition ZT.6] we may find a

p,loc
symbol a;; in HSp loc (resp. in S0 (B, (R))) such that
(2.2.19) (Ii-_- ) 0;A0; (ki)™ = (0; o Ky 1YOp(aijy ) (0 0 Ky )
——m—1,v d
modulo HV,, loi FMo(2d13) (resp. \I!ZIEi’V+MO(2d+3)(BU(R))). We define a symbol
on C®(X)? x T*X (resp. on B,(R) x T*X) by
(2220) a = Z (Gzﬁja”) o Trij-
(i,§)eIxI

Let : V 5V be a local coordinate system, 6,6,6’,6" be in C§e(V) with 66 = 0,
0’0" = 0'. Let us show that (ZZI8]) holds with the symbol we just defined. We

,—1,v+My(2d+3 1
m o ) (resp, \IIZ’L 1, +MO(2d+3)(Ba(R)))

write, modulo HY, .

)

(k"H*0A0 K" = E (" 1)*00,A0,0' "

(i,5)€J

= E (k™) 0(rig) " (r;") " (0:.46;) (rig) " (k) "6k

(i,5)€J

= ) ok g vavip) (08 0 0P @iz (8'0;) 0k (k0 K ey vivig )
(i,5)eJ
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where the last equality comes from ([Z2.19). By formula ([Z.2.2]) of Proposition [Z21]
. ——m—1,v+My(3d+4)
the last term may be written, modulo HW

\I/m_17V+MO(3d+4) (Bo- (R))) as

p,loc
> (00 k71)OD[(00'0:0;a:;) 0 T, 0 7y Ny, (6 0 7.
(i,9)€J

ploc (resp. modulo the space

Using (ZZ20) (and that 6,0; = 0if (4, j) & J), we obtain (fox~1)Op[(aor; 1),] (80
k1) i.e. the right hand side of [ZZIS).

(ii) Let (6;)ier be a partition of unity on X such that Supp6; is contained in
an open set V; so that there is a local chart &; : V; 5 V; c R4, Take 6; in C5°(V;)
with 0;0; = 0; and define A by

A=Y w00k 1)Opl(Bia) o 7 My (B 0 7 ) (w7
il
where y € C5°(R?), x = 1 close to zero, Supp x small enough. By (ii) of Proposi-

—~—m,v+2Mo(d+1 m.v
tion 2.T.6] A is an element of HWV,, o) (resp. ¥y~ Jr2]\/[(’(dJr1)(B(,(R))). Let

us check that a satisfies (Z2.I]). If k, 0, §’ are as in the statement of Definition 2.T.5]
(2.2.21) (K 1)*0A0'K*
= S (Bor ) [(mior Y 000k, )Op[(Bia) o7 (0 Bron; ) (mom ) )@ ok )

iel
if §,0" are in Cg°(V) with 60 = 6, 6’0’ = ¢'. We apply Proposition ZZT], to get
——m—1,v+My(3d+4 m—1.v .
modulo HV . o) (resp. \Ilp,loj +M0(3d+4)(Bo'(R))) the expression

S @k Op[((60'0ia) o7 1), 10 ok 1) = (Bor~)OPI((00'a) o7 ) (B or ).
iel

(iii) We just need to check the property locally. We may always assume that
the distribution kernels of 14 and B are supported in a small neighborhood W of
the diagonal. Let x: V = V be a chart and 6,60 in C§°(V). If W is small enough,
we may find 6, in C5°(V') with 66, =0, 0’6, = 0’ so that

(k" H*0ABO k" = [(k 1) 0A0K*|[(k1)* 01 B0 K*].

By Definition 222.5] Lemma [[L2.4]and Lemma[[.2.6] the last expression may be writ-

——m+m'—1,v+Mo(3d+4) +m/ —1,max(v,v)+Mo(3d+4
ten, modulo HW¥ .. (resp. \Ilza;&)q”gf () + Mo )(BU(R))) as

(22.22) (G0 r H)OP[((Ba) o 7 1)\](B1 0 k™1)?Op[(('0) 0 7. 1)\J(B 0 k71

where 016, = 0y, 00 = 0, @0’ = 0, when p > 0 and ¢ > 0. When p = 0 or
N . ——m+m'—1,v+v'+Mo(3d+4)
q = 0, the equality is valid modulo HY 1.

space @ ~Lmax(v)+Mo(Bd+4) (B,(R))). By Theorem 217 (see (ZI.I3) and

max(p,q),loc

ZII7)), we may write (Z222) as
(00 k™ H)Op[((A8"ab) o 771), ] (61 0 K71)

Nm+m/—1,u+y/+M0(2d+3)
modulo an element of HV,, ..
——m+m'—1,v+v' +2My(2d+3)
ulo an element of HW,, ..

(resp. modulo the

when p > 0,¢ > 0 and mod-

if p=20or q=0 (resp. modulo
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\IIE;ZZ;;)1,’1?:X(”’”/)+M°(2d+3)(BU(R))). This shows that ab is a principal symbol of
the corhposition.

(iv) With the same notations as above, we need to study *[(x~1)*0 A0'k*] (where
we denote by the same notation transpose of maps from L?(X,du) to L*(X,dpu),
from L?(RY,dz) to L?(R%, dx), from L?(X,du) to L?(R%, dz) and from L?(R?, dx)
to L?(X,du). Denote by « the density of the measure du relatively to Lebesgue
measure in the coordinate patch i.e. du(y) = a(z)dz if y = k= 1(x). Then *(k*) =
(k" Y)*(ao k), H(k™1)* = (o k) "1k*, so that

(k1) 0T A0 k"] = (k)"0 (o k) A(a o k) T1OK7].
We apply (2.2.18) and ([Z.I1.1I8)) to write this quantity as
(60 k™ )OD[(00'a"),) (@ 0 k1)

— m—1,u4+Mo(3d+5 i )
modulo H‘Il;rjloc o3 (resp. \Il;rfloi’ +M°(3d+5)(BU(R))). This concludes the

proof, the case of the adjoint being similar. O
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CHAPTER 3

Quasi-linear Birkhoff normal forms method

3.1. Description of the method. Our goal is to prove Theorem[[.2.8 We fix
some integer P € N* and take G a function as in the statement of the theorem. We
fix also m €]0, +oo[—N, where N is the zero measure subset of |0, +oo| introduced
before the statement of Theorem Then inequalities (LZ2T) hold.

To prove the theorem, i.e. to show that the solution of (L228)) extends to
a time interval | — T,, T.[ with T, > ce~ %, for all ug in the unit ball of H*(X)
(s > so) and any small enough e, it is enough to construct a function ©,, defined
on a neighborhood of zero in H*(X), real valued, such that there is C' > 0, R > 0
with

(3.1.1) Cull%. < O0,(u) < Cllul|%4. for all u in B,(R)
and for any solution u of u; = iV;G(u, ), defined and smooth on | — T, T[x X for
some 7', the estimate

(3.1.2) ©,(u(t,-)) <es(u(o,.))+c]/ot||u(7,.)|§j2d7‘ + 0P /Ot||u(7,.)|§,s dr|

holds for all ¢ in | — T, T such that wu(t, ) € Bs(R). Actually, (BT and (BI2)

imply an estimate
t t
e M < €0+ | [t N2 ar|+ €| [ (el e

as long as u(t,-) stays in Bs(R) N C*°. This shows that for u(0,-) smooth and
l(0,)||grs < € small enough, the solution extends up to a time 7. > ce~F for
some small ¢ > 0. When (0, -) is only in H*(X), with small enough H*-norm, we
may always approximate the Cauchy data by C'*°(X) functions, solve the equation
for these approximations on | — T¢, T.[ and pass to the limit to get the solution of
(L22]) for any uop in the unit ball of H*(X) and any € > 0 small enough.

The construction of O, will be made in three steps, given by the following three
theorems.

THEOREM 3.1.1. There is v € Ry, s > 0, R > 0 and for any s > sg, a
canonical transformation x defined on Bg(R), with x(0) = 0,x'(0) = Id, and
there are
o Elements A, of H\I/};”, 1<p<P-—1, self-adjoint,

e Elements Ap, Bp of \II}D’V(BS(R)), with Ap self-adjoint,

e Functions G in Gy " T°(Bs(R)), 1 <p< P -1,

such that for any C* function ©}, defined on B,(R), vanishing at order 2 at the
origin, one has, for any U in Bs(R) N C*>

41
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with
pP-1

(3.1.4) GLU) =Y Gr,U)
p=1
pP—1

(3.1.5) Gu(U) = Go(u) + Y / (Ap(U)u)adp
p=1"%

and

(3.1.6) Gp(U):/(Ap(U)u)ﬂdu+Re/(Bp(U)u)udu.

X X
Remarks e We write the preceding statement for functions U = (u,u) in

Bs(R)NC® so that the Poisson brackets in (B3] are well defined. Actually, since
(BI3), BI8) involve operators of order one, Xy, X¢, are in H*~'(X) if U is in
H®. On the other hand, dO}(U) is in L(H* R), so that dOL(U) - X¢, ¢, 1Gp 18
not necessarily well defined if U is assumed to be only in H®. Of course, at the end
of the proof, ©! will be defined in such a way that the right hand side of (B.I.3))
will extend even to function U that belong only to H*.

e The conclusion of the theorem asserts that we may choose x in such a way
that the new Hamiltonian in the right hand side of ([BI3]) contains contributions
homogeneous of lower degree 0 < p < P — 1 that are hyperbolic (in the sense of
Definition [L2.7)), which form Gy, “lower order” contributions giving G, and a
term Gp, which has no special structure, but vanishes at high order when U goes
to zero.

_ The second step in the proof of theorem [[2Z:8 will eliminate the elliptic part of
Gp.

THEOREM 3.1.2. Let v € Ry be given. There is s > 0 such that if s >
S0, there is a local diffeomorphism v from a neighborhood of 0 in H*(X) to
a meighborhood of zero in H®*(X), with ¥(0) = 0, such that, for any function
. .. P— s,V s—1.v . )
©2 which is in @pzol (H]—‘;H (Bs(R)) + G2*~Y*(By(R))), for any U in C>=(X)
belonging to a small enough neighborhood of zero in H*(X),

(3.1.7) {©%04,GL +Gu+Gp}(U) ={0%GL + Gu}op(U) + O(|JU|I5T?).

The last step of the proof will be to choose ©2 so that the first term in the
right hand side of (BI7) vanishes essentially at order P + 2 at zero.

THEOREM 3.1.3. There are v € Ry, so > 0 and, for any s > sg, a con-
stant Cy > 0 and, for any € €]0,1[, any R > 0, an element ©2 = ©2(¢) in
®D,>0 Hf;fﬁV(Bs(R)) + G271 (Bs(R)), with estimates uniform in e €]0,1], sat-
isfying BLI) uniformly in € €]0, 1], such that
(3.1.8) {632, GL + Gu}(U)| < GolllUN1 572 + " U13-]
for any U in C*°(X) N Bys(R).

Proof of theorem [L2.8: As already seen, we just need to construct a function
©, such that BILI) and B.I2) hold (actually, ©, will be a family of functions,
depending on €, and for which @IT]), (B12) hold with constants independent of

e €]0,1[). We take v large enough so that Theorems BT and BI3] hold, and s
large enough so that Theorems BTl and B3 apply. We use Theorem B.1.1]
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to determine y, Gy, Gp. Then, Theorem determines ©2 and Theorem
determines ¢. We set ©! = 0204 and O, = Ol o x. Then, BL3), BID)
and [BIL3J) show that [{O,,G}| is bounded from above by the right hand side of
(BILR). Since it follows from equation (LZIR) that L0, (u(t,-)) = {O©,, G} u(t,")),
this gives (BI2) by integration. Inequality [BIT) holds by construction. This
concludes the proof of Theorem [[.Z.§] from the three results in this subsection. O

The proofs of Theorems B.I.1] to B.1.3] will depend on the study of Poisson
brackets between functions of the classes of Definition [L271 We shall study such
Poisson brackets in the following subsection.

3.2. Computation of Poisson brackets. Let U — A(U) be a C! func-
tion defined on an open set Q of H?(X), with o large enough, with values in
L(H?®, H*~™) for some m and any s with s > ¢ and m < 2s. Consider the func-
tions

HAW,U) = [ (AW wyudy
X

(3.2.1) HNW,U) = /X(A(W)u)ﬂdu

A (W,U) = / (AW )it ds
X

defined for W € Q, U = (u,u) € H*(X). If U is in Q N H*(X), set FA(U) =
HA(U,U), a = —1,0,1. Let B be another C* map from Q to E(HS,HS””/) for
some m’ and any s > o, m’ < 2s. Assume moreover m + m’ < 2s. By formulas
(CTI7), (CIIE)
(3.2.2)

{FA B2} = {HMW, ), HE(W, ) Yw=u + i(dw H) (U, U)" T (Vy HY ) (U, U)

—i(dw Hy )(U,U)" J(VuH)(U,U) + {H (-, U), HY (- U)w=v

where the first (resp. the last) term in the right hand side is the Poisson bracket
of the functions U — HZA(W,U),U — HE(W,U) (resp. W — HA(W,U),W —
HPE(W,U)) at fixed W (resp. U). Let us compute explicitly the first Poisson
bracket. According to formula (CTI7)

(HAW, ), HE(W, )} = i /X (AW) + LAWY )u)(BOW)u) dp

(3.2.3) {H{(W,-), HE, (W, )} =i/X((A(W)+tA(W))U)((B(W)+tB(W))@) dp

{Hg'(W,-), HE, (W, )} = i/X(tA(W)ﬂ)((B(W) +'B(W))u) dpu
and

{H{' (W, ), HE (W, )} = 0, {HA (W,-), HE, (W, )} =0
(3.2.4) N B ) -
{Hy (W,-), Hy (W, )} =i X([A,B}(W)U)wa
Consequently, the first term in the right hand side of (322:2) may be written as
HE(U,U) for some C that may be computed from compositions of A, B,*A,*B or
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from a commutator [A, B]. On the other hand, the second term in the right hand
side of (BZ2)), has the following structure for a = 1,0, —1

i [ L AGY) - IV HE dudy
(3.2.5) i/X[dWA(W)~(tJVUHf)u]ﬁdp
i/X[dWA(W) -("IVyHP)u|u dp.

By definition of HJZ,

Vo HP(W.U) = [(B(W) +0tB(W))u] Vo (W0) = [?((‘K’V))ﬂ
(3.2.6) 0
VuHE (W, U) = {(B(W) + tB(W))U]

so that (B28]) will be computed from quantities of the form
(3.2.7)
du AW) - (C(W)u), dwAW) - (C(W)a), dgAW) - (C(W)u), degAW)-(C(W)u)

where C'(W) will be an operator of the same form as A(W), B(W).
We introduce an auxiliary class of multi-linear operators.

DEFINITION 3.2.1. Let m € R,v € Ry,p € N*. We denote by E\J\//l:hy the
space of p-linear maps (u1,...,up) — M(u1,...,up), defined on C(X)?, with
values in the space of linear maps from C*°(X) to D'(X), that may be written as
a sum Y b M;(uy,...,up), where M; satisfies the following estimates: for any
Ni, Nz in N, there is C > 0 and for any ng,...,np41 in N

(3.2.8)
) Ny
) n; Npt1 —~
1Tng Mi (o ur, - - ., oy, tp) oy Nl 2y < C {mm(_, P_)} max(no, -« ., iy ny)” P
Np41 ng
max(ng i ny)\ N2 -
x(m+np+1>’“(1+ SRR ) [T el
ni + Npt1
1

We shall denote by HM"" the space of operator valued maps U — M(U) that
may be written

(3.2.9) MU) =Y M(u,... u,...1u0)

with My in ﬁ\/\//lz%u,
LEMMA 3.2.2. Let A be an element of P and set for j € N
mA =) - |
X

Then Vo, HASI (W, U)|w=v and VgaHAYSI(W,U)|w=u may be written as a linear
combination of My (U)Sju, My (U)S;u for elements M, of HM"".

(A(W)S;u)udp or /

(A(W)Sju)udp or/(A(W)Sjﬂ)ﬂdu.
b

X
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Proof:  We consider for instance the first expression of H A7 We decompose
AW) =37 o Ae(w,...,w,w,...,w) with Ay in P;»”. Then duHYSI(W,U) - h
———

¢
may be written as a sum

P
A ey b 0,. .., 0)Sju)udp.
ZZL{( K(wv ’ . B , W, W, ,U})SJU)U 1%
£=0 i=1 i
Consequently, V,, HA<J (W, U)|w -y may be written as a sum
p £
ZZM@ C U, Uy, 0)Su
£=0 i=1

with
/X(Mgi(ul, e Up)Upr1 )R dp = /X(Ag(ul, e Wim 1 Ry Wity e Up ) Upg1 ) U A
The fact that ||IL,,, M (TI1n, w1, . .., Iy up) iy, || £(22) is bounded by the right hand
side of (BZ) follows from ([21]). O
The goal of this subsection is to prove the following:
PROPOSITION 3.2.3. Let m,m’ in R, v,v/ in Ry, p,q in N, 0 € R. Assume
(3.2.10) v(p) + v(q) + max(v,v') + Mo(3d+4) <v(p+q) if p>0,qg >0

and that o is large enough so that condition (LZ23) holds for all the spaces of
multi-linear forms below. Then, with the notations introduced in definition [L2.7,
one has the following inclusions

(3.2.11)
{HF (Bo(R), HF]3" (By (R) YO{ HFG (Bo (R), HF)" (B (1))}
O {HE (B (R), HF " (B, (R))}
Cprrqurm/’min(”’V/)(B ( ))—i—H]:m sm/ +min (v, )(B (R ))—I—Hfm ,m4+min(v,v’ )(BU(R))

ifp>0and q>0. If p or q is zero, one gets the same inclusion with min(v, ")
replaced by v +v';

(3.2.12)
m,v m’ v m~+m'—1,min(v,v My (3d+4
(B (Bo(R)), HF (Bo(R))}y© HF i DT GEH D (g ()
+ H]:ml;nﬁﬂme(v,V )(B (R)) + waj_q"gr+min(u,y’)(BU(R))

ifp>0and q>0. If p or q is zero, one gets the same inclusion with min(v, ")
replaced by v + v and My(3d + 4) replaced by 2My(2d + 3). Moreover, one has
also the inclusions

(3:2.13) {G(Bo(R)), Gy (Bo(R))}
c gm+m/7min(u,v')(BJ(R)) +gm,m/++min(1/,y/)(Ba(R)) +gm’)m++min(u7y')(Bo_(R))

p+q p+q p+q



46 3. QUASI-LINEAR BIRKHOFF NORMAL FORMS METHOD

ifp>0and q>0. If p or q is zero, one gets the same inclusion with min(v, ")
replaced by v +1v'. One has also

(3.2.14) {H]-';’fﬁ”(Bg(R)),g;”l’”,(Ba(R))}

m,m/, +min(v,v") " min(v,v")4+2M, m/ m4 +min(v,v’
CHF, (Bo(R)HGy " i 20 (B (R)) 4G 0 (B (R))

ifp>0and g>0. If p or q is zero, one gets the same inclusion with min(v, ")
replaced by v+ V' (resp. v+ v + 2My) in the first (resp. last) term in the right
hand side.

Finally, one has the inclusion

(3.2.15) {Hf;"’”(B[,(R)),QZT””'(BU(R))}

m,m;_ “+min(v,v")4+2Mg

c g;rj:lm ,min(v,v’)+2Mg (BU(R))+gp+q (BU(R))-FQ

m',m+ +min(u,ul)+2M0

e (Bo(R))

if p>0and qg>0. If p or q is zero, one gets the same inclusion with min(v, ")
replaced by v +v'.

The main step to prove the proposition will be to study expressions of type
(3:27) where A will be an element of HW;™. We consider the different possible
situations in the following lemma.

LEMMA 3.2.4. Assume, for some a > 0,
(3.2.16) v(p) + v(q) + max(v,v') +a <v(p+q) if p>0 and g > 0.

Let A be an element of I-/;\T/:W (resp. ﬁ;"”’) and B be an element of 'ﬁ;”l’”ura.
Define

(3.2.17) C(ut, ..., Uppq) = A(B(U1, ..., Ug)Ugt1, Ugt2, - - - » Uptq)-
——m,min(v,v")+m! ——mu+v+m +

Then C 1is in H\I/;T;m(yy) e ifp>0,qg>0 and in H\I/:zr: v ifp=20

or ¢ =0. (resp. in ﬁﬁ;ﬂm(u’y S if p>0,9>0 and in 73;:(;+V Fmyta ifp=0

orq=20).

Proof: Let Py,..., P be differential operators as in Definition [L211 When A is
——m,v . ~
in HV,, , denote A=Adp, ---Adp, A and C' = Adp, --- Adp,C. Compute

(3.2.18) A;C(Hpuiy.. . oy, Upig) A

= AA(L, B(M,ua, o, g M g oy iy, -y T s g) A

By symmetry, we may assume ny > - -+ > ng, Ngye > -+ > Npye. By (LZ8) and
(TZ3), the £(L?*)-norm of the general term of the sum is bounded from above by
a constant times 2" %||IL,,, ue| > times

(3.2.19) 270N (i 4y o) IV EMOkQIT (] 4 97T (4 o))~V

"

n o n M / L]

. 1 ' 1 2 —2

X mln(—, q—+) n™ O +a(1 + —) (N —ng1)
Ng+1 N n
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where m = m + Zlf dy — k. We write

(3.2.20) <1 + M) (1 + E) > 14 PP a2t m
n

27 27
> (1 4 Dot g2 & ”1) min(—n : —nq“),
27 Ngy1 N

so that (32219)) is bounded from above by
(3.2.21)

imo—li=i"INy(

—N}
" fatm/ Ng+1 +Ng42 + M1
Ng+1+Ng+2 +n1)V<P>+v(q)+u+V tatmy +Mok (1 el T Par2 T

27
:| N{'fNéfu(p)fufm'JrfMok

— . n Ng+1
X (n—nge1)? m1n<—7q—+)
Ng+1 N

if N, Ny are large enough relatively to Ny,v,m/,, k. If we sum this in n, we get
Nm,min(u,vl)+m/+

estimate (L2.8) of an element of H¥ when p > 0,¢ > 0 and (3216))
Nm,u+v'+m' “+a
holds. If p = 0 or ¢ = 0, we get an element of HV, . When A is in

75;,”’”, we bound
”HWOC(Hnlul? s 7an+q up+q)an+q+1 ”ﬁ(LQ)
using (L), by the product of a constant times [[2"||TI,,,ue|| 2 times

(3.2.22)

’
-2 0 Mptetl M v+ (p),,m N+ ngpa) =N
(Mo — Nptqt1) min| ——, ——— (n+ng+2) ny | 14—
Np4qg+1 no o

"

n n Nl , n 7N//

—2|_ . 1 ’ 1 2

X (n — ngt1) mm(—7 at ) n™ nlf(qH—V (1 + —) .
Ngt1 N n

The rest of the computation is similar as above. O

LEMMA 3.2.5. Let p,q € N*. Assume for some a > 0,

(3.2.23) v(p) + v(q) + max(v,v') +a+1 < v(p+q).
—~—m,V ~ Nm/,V/+a

Let A be in HV,, " (resp. PJ") and M =371, M; be in HM, . Consider
(3.2.24)

+oo g

C(Ul, ce ,up+q) = Z Z A(Ml(ul, e ,uq)Sjuuq_,_l, Ug425 - - - ,up_,_q)Aju.
§'=0i=1
——m,min(v,v’)+m/ ~m, min(v,v’ !

Then C is in HV,,, (b (resp. P;Z’q v Hm*),

Proof: 'We consider the contribution to (B:2.24)) of the term corresponding to ¢ = 1.
We write M instead of M;. Let Py,..., P, be differential operators on X of orders
dy,...,d;. We may express Adp, ---Adp,C from

ZAdp/A(M(ul, ey uq)SJ—uuqH, Ug42, - - - ,uerq)AdeAj//
j//
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where P = P’ UP” is any partition of P = (Py,..., Py). Denote by k' (resp. k")
the cardinal of P’ (resp. P") and set d' = > p p dy, " = 3 p cpnde. Then
|AjAdp, - - - Adp, C(ILyU)Aj || 212y Will be bounded from above by the sum for
P =P UP" of

(3225) > 3> ||A;Adp AT, M (T, un, o, T 11g) ST, g 41,

S11

J

511

J

an+2uq+2a cee anp+qup+q)Aj” ) ”Aj” (AdP”Aj”)Aj’ ”L(L?)

£(L?

where A, is a cut-off such that Aﬁ,, Az, = Ajz,. By symmetry, we may assume

that ng > ng > -+ > ng, Ngy2 > -+ > Npyq. Moreover, in the sum, ngy; < c27”
for some C' > 0. By (LZ8) and (BZ8) with ¢ = 1, the first factor in the general
term of (B2.25) is bounded from above by the product of [[2F ||, us| 2> and

(3.2.26) 27T INI (5 4 o)) F MR 9i(mtd k) (1 4 9= (p 4y o)) N

"

ny n Ny n+n N2

. 1 +1 ! 4 2

x (mln(—, Q—)) (ntn2)" D+ (g tngsr)™ <1+7) L, | comn-
Ng+1 ny ny + Ng4+1 -

We notice that
(32.27) (1427 (n+ngss)) (1 N M) max [L u} 9li=i"]
ni + Ng+2 Ng+1 N1

> (14277 (ngya + ng1 +n2 +n1))
since ng41 < 21" . Moreover, for { =2 or £ = g+ 2

n+ no

1
_ <C(n +n +ng +n1).
n1+nq+2) (Ng+2 +ngy1 +n2 +n1)

(n+ng) (1 +

If Ni/, N} are large enough, we bound the sum in n of (226 by
(3.2.28) €2 Nili=T'lgilmtd' =k () 4y @@y Sl ml Mok
x (1+ Q—j(nl N np_i_q))—NéQNélj—j”l.

We use Proposition [A] of the appendix to bound the last factor in (3.2:25]) by the
expression Cn2 N7 =3"1+1"=5"1123(d"=F") " If we take N > Ni{ > N, > Ny, N,

and use (3:2:23)), we bound [B227]) by

(3.2.29) €2~ Nili=dlgi(mAD 2 de=) () 4.y Y PEOFmin(rL)tm Mok

p+q
x(1+277(ny+---+ ”p+q))7N2 H”anWHL?-
1

This is the wanted estimate.
The case when A is in P;™" is treated in the same way. O

Proof of Proposition[32.3 Let A (resp. B) be an element of HW7"" or P (resp.
H\IIQTIJ’/ or 73;”/”’/). Denote by H}, Hg, —1 < a,b <1, the functions given by any
of the formulas (B:Z1]). We have to compute { HA(U,U), HP (U,U)}. According to
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B22), the first quantity to study is given by 23] or B24]) with W = U. They
may be written as expressions of type

(C(U)u)udy, /X (C(U)u)udp.

(3.2.30) /X(C(U)u)a dp, /X

Consider first the contribution to the left hand side of BZII]) given by B23),
(3:24). Then C may be expressed from the composition of an element of H W}

and of H\IIZ’/”/. By lemma [[24] with a = max(v,v’) and B2I0), we obtain that

C is in H\I/ZIJ:;m/’mm(V’V/) if p>0,¢g >0 and H\Il;n;;m/’w”/ if p=0orq=0.

This shows that (3:2Z30) belongs to the right hand side of [B2ZIT]). If we consider
the contribution of B24) to (BZIZ), we get expressions of form (B230) with
C = [A, B]. We apply Proposition (iii), which is possible under assumption
BZI0), and see that C is in HU ™ ~Lmin(r)FMoBAFY) e ) 5 0 g > 0 and

p+q
H\I';T_:Zm ~ Ly +2Mo(2d+3) ifp=0orqg=0.

Let us study as well the contributions of [B:23), (324 to the left hand side
of BZ13)), BZI4). For the first of these inclusions, C' may be expressed from

. ’ ’ ’ s ’
the composition of an element of P)*" and P;* ", so belongs to ’P;ﬂm omin (1)

(if p > 0,¢ > 0) and ngﬂ;m/"ﬂrul if p=0or ¢ =0 by (LZI4), so that (BZ30)
contributes to the right hand side of inclusion (B:2ZI3]). The inclusion (LZI0) shows
that the contributions of (B23), 824 to the left hand side of (BZTI4) belong to

gytm'min()12Mo (B (Ry) when if p > 0,q > 0 and to Gt T 2 Mo(B (R))
ifp=0orqg=0.

We consider now the contributions of type B2Z3) to the inclusions [B2ZII])-
B214) (as well as the symmetric ones obtained exchanging A and B). According

to (B27), we must study
(3.2.31) / (A AW - COV s Yusdplw—,
X

where u1, us stand for u or u, C(W) stands for B(W) or *B(W) or B(W)+'B(W),
and the symmetric expressions obtained exchanging A and B.

Let us study first contributions of type ([B:231)) to the left hand side of (B211]),
(BZI2). Then A is in H¥}"” and C is in H\IIZ]”/’”/ C 73]]”/7”/“‘2]\40. It follows from

m,m/, +min(v,v")

Lemma [3.2.4] that (B.231)) is in HF, |, (Bs(R)) if p > 0,¢ > 0 and to

Hfﬁ;n++y+y 2o (By(R))if p=0or g = 0. Consider now (3ZI3)). Then A (resp.

C) in B2Z3T) is in P (resp. ’Pg”/"’/) so that Lemma B.2Z4 shows that (3231 is

in g YN (B (RY) i p > 0,¢ > 0 and in G (B, (R)) when p = 0

or ¢ = 0. For inclusion ([32Z.T4), we use that in B.2Z3T)), A is in H¥}"” and B in

m,m/, +min(v,v")

P;n'ﬂ", so that Lemma B.2.4] sho/ws thz}t B2Z3D) is in HF,,, (B,(R))
when p > 0,¢ > 0 and in Hfﬂ;n++y+y (Bs(R)) when p=10or ¢ =0.

Those contributions coming from the symmetric version of BZ3T]) with A
and B exchanged belong to the space of functions obtained exchanging (m,v) and
(m’, "), except for inclusion (B:Z.I4). In this case, we have to consider ([B:Z31]) with
A replaced by an element of 73;”/”’/ and C by an element of HW ™" C P;"”’”MD.



50 3. QUASI-LINEAR BIRKHOFF NORMAL FORMS METHOD

m/ ,m4 +min(v,v’)

Again, by Lemma[3.24l we get a contribution belonging to G, ; (Bs(R))

if p> 0,9 >0 and to g;i;;"**”*” +2Mo (By(R)) if p or g is zero.

Finally, we have to study the last contribution to ([B:2:2)), namely
{H(f(.7 U)7 HbB(7 U)}
We decompose
—+oo
HH(W.U) =) HM (W, U)
3=0
where

HAW0) = [ (A0V)Aju)us d
X

with (ug,u2) = (u,u) if a = 1, (ug,u2) = (u,u) if a = 0, (ug,u2) = (au, _) if

a = —1. We use a similar decomposition for HP and set HA</ = Y i< HAJ'
HASI =3 i< HAJ'. Then
(3.2.32)

{H(,U), HY (, }—Z{HA<J U), Hy (., HZ{HA’J U), Hy " (-, U)}.

We study the first sum in the right hand side. The general term in that sum may
be written —i(dWHf’J) -(PIVwH2) so is equal to

(3.2.33) i /X (dw BOW) - (LI HAT (W, U))]Agur ) uz dplyw—o

We apply Lemma [B.2.7] considering A as an element of ’P;”””“MO. This allows us
to write (3233) as a linear combination of quantities

/X[(dUB(U) . M(U)SjU3)Aju1]u2 dﬂ

where ug = u or w and M is in HM;’W*‘QMO. The sum in j of these quantities may
be computed from expressions

Z/ (Blut, .- e, M(upr1s o, Uetp) SjUespits Ueaps2, - - - Uptq) Djtpgi1) o dpt
—~ Jx
where u; has to be replaced by u or w. This is an expression of the form

/X(C(Uh Co s Upyq)Uptq 1) Uo dpt

with C' given by (B.2:24)) (up to a change of indices). By Lemma B2 C is in

—m/ m++m1n(u v')

HY, (resp. Pm m-+min (v ) if Bisin H\Ilm " (resp. 73;”/7”/). This
gives to BZ32) a Contrlbutlon belonging to H}";iqm*+mm(” v )(BU(R)), when we

consider (FZIT), BZIZ) and to Gy 2™+ ™ ")(B,(R)) for BZIF), BZIA).
The second contribution to ([B.2:32)) belongs to the same classes with (m, v) and
(m/, V") exchanged in the case of B2Z11), 3212), B2I3). For B2I4), we get
a contrlbutlon in Hfﬁzu—kmm(wy )(Bo' (R)) (Note that when studying (32Z.32) we
may assume p > 0 and ¢ > 0, as otherwise the corresponding contribution is zero).

Inclusion (BZIH) follows from (B.ZI3) and the inclusion HF)""(By(R)) C
Gy +20 (B, (R). 0
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We shall need a version of inclusion (B:212]), when one of the functions involved
in the bracket is not homogeneous, and with a weaker conclusion.

LEMMA 3.2.6. Letv,v' inRy, pinN, ¢ in N*, R > 0. Assume (ZII0). There
is g, depending only on v, V', p,q such that if s > so, if © is in Hf;fﬁV(BS(R)) +

G2~ (By(R)) and F is in f;?’ﬁ'(Bs(R)), then {©, F}(U) = O(|U||%:?), U — 0.

Proof: If © is in G2*~""(By(R)), {0, F}(U) = dO© - Xp(U) is well defined and is
O(||U||%?) since, by the last remark following Definition [L277 X5 (U) is in H*~*
while d© belongs to L(H*!,R) because of the definition of G2*~1*(B,(R)) (if s is
large enough).

Assume from now on that © is in Hfjj’{”(Bs(R)). Using notation (B.2.1]),
we may write O(U) = Hg (U, U), F(U) = HE(U,U) with A in HW2" and B in
\I/é”"(BS(R)). We have seen, in the last remark following Definition that we
may consider A as an element of W2*"(B,(R)) with 7 > v +v(p) + 1. In particular,
by (iii) of Proposition 2226] [A, B] is an element of \Ilgs’max('j’”l)+M°(3d+4)(BS(R)).
We use [B22) to express {©, F}. The first term in the right hand side of this

equality is given by the last formula in (3224]). Since [4, B] is of order 2s, we do

get, for 5 > ¢ large enough, a O(||U[|%5?) contribution.

We consider next the second term in the right hand side of (8:2.2). By [B2.4)),
LIV HE (U, U) isin H*~', and is O(||U||%:) (if s > so large enough) using (LZIS).
The term under study, given by the second formula in FZ3), is thus O(||U]|%:1),
since dw A(W) - ({JVyHE(U,U)) is L(H®, H~*) by (LZI]).

Take now the third term in the right hand side of (322)). By @BZ4), the
expression *JVyHgH(U,U) is in H~*, with norm in that space O(||U|/z:). We
apply (LZI9) to B, with m = 1, ¢/ = —s. We get, if s is large enough relatively to
v(q), v/, that dB(U) - (*JVy Hg')u is in H~*, with norm in that space O(||U||%5).
The corresponding contribution to {©, F} is again O(||U||%E!).

Finally, the last contribution to ([B:2:2) will be expressed from

[ @A) - 0w OV, o

X

and from the similar expression exchanging A and B. We need to check that
dwAW) - ("IVw H (W,U)), dwB(W) - ("JVwHg' (W, U))

are in L(H®, H*). This will follow from (L2ZI9) with m = 2s (resp. m = 1) if

we show that Vy HE (W, U) (resp. Vi H{ (W, U)) belongs to H?' for some ¢’ >
(resp. to H~*®) and if s is large enough. In other words, we have to check that

1 [ (wBOV) - Hywyadslw—r, 5~ [ (e AG) - o) dply—
X X

are linear continuous on H~% (resp. H®). This follows again from (L2.1J). O
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CHAPTER 4

Proof of the main theorem

We have seen that Theorem [[L2.§] follows from Theorem BI.1]l Theorem
and Theorem [B.1.3l This section is devoted to the proof of these results.

4.1. Elimination of elliptic terms of lower degree. This subsection will
be devoted to the proof of Theorem BTt we shall construct a canonical transfor-
mation x such that (BI3]) holds, i.e. such that we may reduce the Hamiltonian G
to another Hamiltonian Gy, + Gy + Gp, where all elliptic terms of degree strictly
smaller that P have been eliminated. Let us introduce a class of smoothing opera-
tors.

DEFINITION 4.1.1. Let m € R, p e N, p > 2, vy € Ry,s > v, R > 0. One
denotes by R, (Bs(R)) the space of maps U — R(U), defined on Bs(R), with
values in H*~™=7 satisfying the following:

(i) The map U — R(U) is C! from Bs(R) to H?**~™=7 and there is C > 0
such that, for any U in Bs(R)

(4.1.1) 1RO zr25=m— < ClIU|[-
(it) For any 0,0" in R satisfying
(4.1.2) s—m>0], s—m>10],s+0+60 >m+1,
for any U in Bs(R), dyR(U) extends as an element of L(H? , H=?) with estimates
(4.1.3) 100 R £sr0r 110y < CINTIE"

The main example of remainders satisfying the conditions of the preceding
definition is given by the following lemma:

LEMMA 4.1.2. Let m e R,v € Ry, p <q in N*. Let s,y such that
1
(4.1.4) 327>V(q)+y+§, 2s >m+1.

Let A be in HY™ and define HW,U) = [(A(W)w)wydp where wi, wo
stand for w or u. Then R(U) = Xy uv)lw=v = "JVwHW,U)|lw=v is in
R 11(Bs(R)) for any R > 0.

Proof: Decomposing A(W) =>"1_, A¢(w,...,w,,...,w) with A; in I/{\\f/;n’l/, we
may assume that A is one of the terms in that sum. If K = (k,k) is a smooth
function on X, we may write by duality [ < R(U) - K dp from expressions of type

(4.1.5) / (A(Jh,ug, ..., uq)ugt1)uo dps
p's

53
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where h stands for k or k and wg is u or @, and from similar expressions where the
Jh term replaces any other argument of A. In the same way, [ (yR(U)-K')K dpu
may be written from expressions of type

(4.1.6) /X(A(Jh, B us, ... ug)ugy1)uo di

(4.1.7) /X(A(Jh7 Uz, ..., ug)h )ug dp

and from similar expressions, where Jh replaces any other argument inside A, or
h' = k' or k' replaces any other argument of A, or where h’ and ug are exchanged

n ([EI1). To prove @I, we must bound the modulus of (I3 by

g+1
(4.1.8) Cllhll g2 |0l ezs T T el are-

(=2
In the same way, to show ([{I3), we have to bound the modulus of L8] and
[EID) respectively by
q+1

(4.1.9)  Cllhlaoll?ll gor T Nuellsr- o -, C||h||H9||h/||H9’H”UZHH&
£=3 (=2

To obtain ([@LJ]), we apply (L29) with N2 = 2s—m. We obtain a bound of {10
by the product of C||uol|g=||tg+1] m= and of

UO||H>~

q
(4.1.10) Z Z e ng) ORI b e | I, w22
£=2

<CZ Zn q)+v— ’yan HcmHhHH 25+w+mHHu5||H ,
=2

where (cf,,)n, are 62—sequences, and where we used that the exponent in the left
hand side of (II0) is negative by (LI4). The assumptions on 7, s show that the
series converges, which gives [{L3]).

To estimate (£ 10) by the first term in (EI.9]), we bound the modulus of (£1.6)

by
ZZZ ZHA (JTL, b Ty b Ty g, o Ty g g i [ e

We apply (L29) with Ny = 2s — m to get a bound given by the product of the
factor O[] go|[1 | sror T el v+ and of

)3 B 3 R A ()

=3

with £2-sequences (n)n; (¢l )nss (ch,)n,- Since the first exponent is negative and
s> 1/2, this sum is finite as soon as

(4.1.11) / I+X+X) 1+ X)1+ X)) (X)d(X)dXdX' < +oo
R2
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where c(+), ¢/(+) are L? functions, o = 2s —m — v(q) — v. One checks that ([ZIIT])
holds as soon as

(4.1.12) a> max[(% - 9)+ + (% ), (% ~0)+ (% - 9’)J

which follows from assumptions (@I1.2]), [EI4).
Let us study (#I7). We bound the modulus of this quantity by

SO S IAUTL A My, . T g |-

n no

UOHHS'

We apply estimate (L29]) with Ny = s+ 6" —m > 0 and s replaced by ', and get
a bound given by the product of C||h||ge ||R'|| ;er [Ta||wel| e |uo || g and of

q
(4.1.13) SN S g g @m0 T,
Ng 2

n no

for £2-sequence (cy,)n, (cfll)m{. By symmetry, we may assume ng > --- > ng. This
reduces the verification of the finiteness of [@II3) to the study of an integral of
form (@ITII) with («,8,8’) replaced by (s + 6" —m — v(q) — v,0,s). One checks
that condition (.I.12) follows from (LI1.2]), I4). This concludes the proof. O

To prepare the proof of Theorem B.I.1] we have to study the Hamiltonian flow
of some auxiliary functions. Let A, be an element of H\Ilg’”, 1<p<P-1, for

some v € R;. Define A = 25;11 A,, and set

F(U)=Re / (A(U)u)udp.

X
By (CII6) and Lemma

_ P (AU) +AU))u _
(4.1.14) Xr(U) = 5 {—(A(U) +AU))u +R(U) = AU)U +R(U)
where A(U) = %[_(Ag_tA) A-;‘A] and R is an element of RY ,(B,(R)) if v >
v(P—1)4+v+ %, o > . By the Cauchy-Lipschitz theorem, the equation
(i)(tv U) = XF(@(ta U))
(4.1.15) S0,U) = U

where ®(t,U) = [zggi], has a unique solution defined for ¢t € [—1,1], for U in

B,(R), with R small enough. Moreover, ®(¢,U) stays in a bounded subset of H*®
if U stays in Bs(R) for some s > o and ¢ € [-1,1].

Let us notice that if s > o and U is in Bs(R), D®(t,U) extends as an element
of LIH®',H®') for any s' with |s'| < s, any ¢ in [—1,1]. Actually, consider the
solution W (t,U) of the linear ODE
(4.1.16)

W (L, U) = A@(L U)W (L, U) + [DA(®(, U)) - W (L, V)0 (t, U) + DR(®(L,U)) - W(t,U)
W (0,U) = Id.
We just need to check that the right hand side of the first equation in (I8 is,

as a function of W, a bounded linear map from E(HS/, Hsl) to itself, for any s’ with
|s'| < s, when U is taken in Bg(R). The boundedness of W — DR(®(¢,U)) - W
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follows from (@I3)), since ®(¢,U) stays in a bounded subset of H® and

holds by the conditions imposed to o,v. The continuity of W — A(®(¢,U))W is a
consequence of (LZJ) and the fact that ¢ > v(P — 1) + v + 3. We are left with
examining the middle term in the right hand side of the first equation (ZI.I0). Let
v=v+v(P—-1)—v(l)+ 1 + 0. By the last remark following Definition [LZ5] A
is in U7 (By(R)) ® My(R). We write for H in H*

IDA(®(t,U)) - (W - H)®(t,U))| g < CIIDAREU)) - (W - H)ll p(age o |98 U1
S CIW - H| gor [[@ (8 U) 122,

where the last inequality comes from (LZTI9) applied with ¢ = s, ¢/ = ¢, and
noticing that s — (v(1) + v — s’'); > s’ because if the assumptions on s,s’. We get
the wanted inequality

[(DA®(,U)) - W)L, Ul g ey < CW I giarsr gy

This gives the fact that D®(t,U) is bounded in L£(H* , H') uniformly for ¢ €
[—1,1], if |¢'| < s.
We deduce from this and from (LC2IJ]), (T2I9):

COROLLARY 4.1.3. If s > v > v(P—1)+v+3 and v = v+v(P—1)—v(1)+440,
(A(®(t,-))) _1<i<1 is a bounded family of matrices of elements of WO (B,(R)).

Let us describe the structure of ®(t, U).

PROPOSITION 4.1.4. Let PeEN*, s >0 >y >v(P—1)+v+ 3. Let A be in
S HUYY € WYY (B,(R)) with v =v+v(P —1) —v(1)+ § +0. Let © be the
solution of [EII5H)), defined for U in Bs(R) for some R > 0. If R is small enough,
there is a bounded family (B(t,-))_1<i<1 (resp. (R(t,-))_1<i<1) of 2 X 2-matrices
of elements of ¥"” (B, (R)) (resp. of elements of RS 2(Bo(R))) such that, for any
te[0,1]

(4.1.17) ®(t,U) = U + B(t,U)U + R(t,U).

Proof: By (@I1.I5)), (@114,

(4.1.18) ®(t,U) = U+t/1A(<I>(a1t, U))®(ast, U) doy —i—t/l R(B(ast,U)) da.
0 0

If R > 0 is small enough, there is C' > 0 such that ||®(¢,U)| gs < C||U|| = for any
U in Bs(R), any t € [—1,1]. Iterating [@L.II]]), we get

N N+1
(41.19)  @t,U)=U+> tFAB@U)U +tV Oyt U) + > vl 0)
k=1 k=1
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where
(4.1.20)
k k—1
AR U) = / / H tal'“aj’U))H ;v I day - - - dou,
Jj=1 Jj=1
N N
/ / tOél"'Oéj,U))HOé;v-'—l_jq)(tOél"'(1]\]+1,U)d0(1"'d0[]\]+1
j=1 Jj=1
1 k-1 k
S)‘%[k] t,U) / / H toqmaj,U))Haf’jSR((I)(tal~~~ozk,U))da1~-dak.
j=1 j=1
We apply Lemma [[L26 with m =m' =0,p=p =1, v =v' = 1. For some P =
(Py,...,Py) as in the statement of this lemma, we set for short % = mf;S’f 5.0)"
Then, if |o'| < o, s € R, there is C' > 0 such that for any U in B,(R), any ¢ € [0, 1]
0,s (k] C_k 0,s k
N (AR U)) = -7 915" (A)]
N (A U)) < C% s ()1 (A
L AW, 0)) < S (Aot (4)

so that Z >tk AF (¢, U) converges to an element B(t,-) of ¥0”(B,(R)). Since

N%s(Cn (2, U)) = O(&iﬁ;,‘ﬁo s(A)N*1), the last but one term in ([@IIJ) goes to
Z€TO0.

Let us check that the last series in (ELT9) converges in the space RS o(Bs(R)).

Note first that by @ILI) and (CZIR) |RE(t, U)|g2s— < CkHU||2 . for U
in B,(R), whence an estimate of type @ILI) for >, t*®[¥l(¢,U), uniformly for
t € [-1,1]. Let us study the norm |dyRF (¢, Ul (pror -0y for 6,0" satisty-
ing @I2). If, when computing dyR* from its expression EL20), the deriva-
tive Oy falls on R(P(aq ... axt,U)), it follows from (AI3]), the boundedness of
dy® on HY for |9 < s, and (LZIR) that the corresponding contribution to
| ouRIF (¢, Ul z(ze’ -0y is bounded from above by Ck—f||U||Hs. On the other hand,
if the derivative falls on A(®(aq ... t,U)), we have to estimate for H' in HY

(4.1.21) H(@UA)(@(tal c Oy, U)) . (8U¢)(t041 s Oy, U) . H/)HE(H?S*W,H*G)

since R(P(¢,-)) is in H?*~7 by @ILI). We apply (LZIJ) with o = s, 0’ = #’. This
allows us to estimate @L2T) for H' € H? if 25—y — (v(1)+ v —6'), > —0, which
follows from (EI.2]), the definition of v and the assumptions of the proposition.
Again, we get convergence of the corresponding series. This concludes the proof.
O

Proof of Theorem BT  We consider a function G(U) = Z;io Gp(U) as in
the statement of Theorem [[2Z8 For p = 1,...,P — 1, G, is an element of
H]-";”’/(BU(R)) for some v'. We shall construct the canonical transformation yx
through a standard Birkhoff normal forms method. We use an auxiliary function

F(U) =Y, F,(U) with

(4.1.22) Fy(U) = Re /X (A (U dp
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with A, element of H \Ilg’” for some v > v/ to be chosen. Let us assume that the
increasing function p — v(p) satisfies

(4.1.23) v(ip)+v(g)+v+My(3d+4) <v(p+q)ifp>0,9>0.

We denote by @ the flow of [LII5]) defined from F on B,(R) where s > v(P —
1)+ v+ 3. Weset x(U) = ®(—1,U): this is a canonical transformation close to
zero, with x(0) = 0,x’(0) = Id. For U in B4(R) N C*, we compute

(4.1.24)
Gox HU)=G(@®1,U))
P—-1 1 d 1 (1 t)P 1 dP
=3 (et - ot [ B G e ey d
P-1
B (—1)* (1P ! B
= Z k! adkF G—Fm/ (1—t)P (adPFG)((I)(t, U))dt,

using the notation adF-G = {F, G} and ad’ F-G = {F,ad” ' F - G}. We decompose

P 1( 1)k P-1
(4.1.25) PP ¥ ad"F -G =Gy — Z {Fe.Go} + ) H,
k=0 = £>1

where the last sum is finite, and where Hy is a linear combination of quantities of
the form

(4126) adFil s adFier
with1<4; <l p>0,%+---+i,+p=~Land r > 2if p=0. Assume
(4.1.27)  F, € HF2"(B,(R)) and {F,, Go} € HF}" (B,(R) 1<p< P - 1.
Then, by inclusion (B:?:III) and assumption @AI23)), @I20) belongs to
HF}" (B,(R)) + HF}" +1( »(R)) C HF}" (B,(R)) if o is large enough so that
([CZ23)) with p = ¢ is satisfied. Consequently, for any ¢ > 1, H; is in H}'Zl’”/ (Bs(R)),
and depends only on Fy for ¢/ < £.

LEMMA 4.1.5. Let v > v' 4+ 2My, o satisfying (L223)), and denote

g;n—oo,v+oo(Ba(R)) — ﬂ g;n_N’V+N(BU(R))
NeN

(with the motations introduced in definition [L27). For each p = 1,...,P — 1
there is F, in HF,4(By(R)) such that {F,,Go} — H, is in HF,1; (Bs(R)) +
Gl-oow'+2Motoo(B_(R)) and that [IZ1) holds.

Proof:  'We decompose H, = H, g + H, g with H, i in H.F;’E/(BU(R)), Hpy in

HF' (By(R)). We may write H, 5(U) = Re [ (B,(U)u)udp with B, in HUL'.
By definition of this space

P
:ZBp7g(u,...,u,l_L,...,l_L)
(=1
¢

[vww.ebook3000.con)



http://www.ebook3000.org

J.-M. DELORT 59

— 1,0
where By ¢ isin HW,, . We decompose B, ; = B(1)+B( ) where for any n’ € (N*)P,
U= (ug,... up),
1
BNy = > Bue(luU)A,;
Jiln/[<c2s

with ¢ > 0 a small enough constant. By formula (A1) of the appendix, Bz(il? is in

HY

1,v

p

p
(4.1.28) Ty, B (MUl ,, 0= /m2 + A2 (Z \/m? + >\2u>

1

. Moreover, if ¢ is small enough,

and by construction (and the inclusion (L210)), B;(fz) is in g;*“>”l+2”[0+“ (By(R)).
To prove the lemma, we just need to find F}, in H.T-I?’E(BU(R)) such that

(4.1.29) {F,,Go} = ReZ/ (BY) (u Ut Du)udp.

We look for F}, under the form

P
:ZRe/(Cp,g(u,...,u,ﬂ,...,ﬂ)u)udu
=0 X

—0,v
with Cp, ¢ in H¥,, . To solve (ET.29), it is enough to find C), ¢ such that

14

P
(4.1.30) Z Coo(ur, .., Amup, ... up) — Z Coo(ut, ..o, Amug, ... up)
r=1 O=0+1

+ AmCpe(u, ... up) + Cpo(ur, ... up)Am = —iBS) (ur, . .. up).

We replace in the formula w; by II, u;, compose at the left (resp. at the right)
with IT,,, (resp. I, ). We get

FP Mg -y Ay Mg Cpo (M, - . IL, )T

Tp+1

(4.1.31) 0

= —ill,, B, (M, oo Iy up)IL,

with

FEH (o, &pyn) = \/m2 + €3+ /m? +£§+1+Z \Jm? + 62— Z \/m? + €2
={+1

We define

Cpoelu, ..., :—'LZ TR g Ang) Mg B (Mo, Ty )T

Np+1

By inclusion (L210), HnOBSg (Il UL, , satisfies estimate (L2.5]) with v =
V' + 2My,m = 1. Since, by (@128, |F£;Z()\no,...,)\np+l)| > ¢(ng + npy1) when
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the right hand side of (£I3I]) is not zero, we get
(4.1.32)

Ny
_ T ng n
||Hn00p,g(1'[nlu1, . 7anup)nnp+1 ||L(L2) < C<’rL0 — np+1> 2 (mln {—07 p_"'l})

Np+1 o

—Ny P
E) T il
(=1

for any N1, N. To prove similar estimates for commutators with differential oper-
ators, we consider P; a differential operator of order d; and deduce from [I.30)

(4.1.33)
L P
S P Cpal(ur, o A, up) = Y [Py, Cogl(un, -y At )
=1 0 =0+1
+ Am[Pr, Cpl(ur, ... up) + [Py, Cpl(ur, . up)Am = —iB) (us, .. )
where
BN (u, ... up) = =il P, AmCpe(us, ... up) — iCpp(ur, . .., up) [Py, Am]

[Py, B (un, - ).
We need to prove
(4.1.34) ||Hn0 [Pl, Cp,f](Hnlulv N ,anup)an+1 ||E(L2)

Ny
-2 — . no Mp+1 +v+ M,
B g L

np+1’ no
W
x <1+n—> T el 22
0 =1
— 1, ——dy v+ M
for any Ny, Ny. Since B\ is in H¥," , [Py, B{)] is in HV,' ° by Defini-

tion [L22] so in 75]‘011’”+M0 by inclusion (LZI0). Consequently
1
(4.1.35) [Ty [Pr, BY) (Mt o, Ty up) My, 22y

Ny
-2 . o MNp+1 +v+M,
§C<’I’LQ—’I’LP+1> ng1 (mln[—,p——i_}) ‘nlly(p) v+Mo
Np+1 Mo

KA
« (14 12) Tl

Since [P1, Ay is a pseudo-differential operator of order d;, we have estimates
(4.1.36) ITL,, [Py ATy | 222y < Cn{na — n2)~ N n

for any N. Combining this with [@I32), we conclude that the right hand side
of @I33)) is such that ||HnDBI()3 (I (U)),,, |l£(z2) is bounded from above by
the right hand side of [@I35). If we use [@I36]) for P; instead of [Py, Ay,] and
([#132), we conclude that P,C, ¢, Cp ¢ P1 and so [Py, Cp 4] satisfy estimate (Z1.32)
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/|V(P)+V /|V(P)+Vnd1
0

in which we replace, in the right hand side, |n . We decom-

pose [P1,Cp ] = ng,lz) + CSL,) where

by |n

C(lg: Z I, [Pr, Cp o) (M UL, -

B

[n/|<cnp 1

Then 01(322) satisfies (130) with ngl replaced by ngl_l in the right hand side,
because of [n'| > cnpy1, so that

g Am O (W) s,y Ty O (Ilh) A1
o CF) (Wt Moy At ., T ),

satisfy (LI1.33). We obtain in that way from (£I1.33]) an equation

4 p+1
(4.1.37) Z ng}e)(ul, cos Amugr, o up) — Z C;}g(uh ey A, up)
=1 =041
+ AmC ) (un, - wy) + O (ur, o up) A = =BG (),

where ||HnoB(2) (I Uy, |l 2(z2) is bounded by the right hand side of (Z.I33])

p,l
and where, if the constant ¢ in the definition of CSK) is small enough, this operator
satisfies a condition of type [II.28). We may thus solve [IL3T) in the same way
as (EI30) and find C!!) and G, such that (EL34) holds. It follows from this
inequality and from (LI32) that C,, satisfies the bounds (L2.8) (or (LZJ)) for

m = 0,k = 0,1. Iterating the reasonning, we conclude that C), is in I’{\\flpw as
wanted. O

End of proof of Theorem B.I.1l We consider the expression ([ET24) of Gox L.
The first term in the right hand side is given by (ZI25]). If o is large enough, the
contributions Hy with £ > P belong to H.FL,I’”/ (Bos(R)) which is contained by the
last remark following Definition in Fp"(B,(R)) if v > v/ + v() — v(P) + L.
Since there are only finitely many H,’s, this gives a contribution of the form of
Gp given by (3L6) to Gox~'. For 1 < ¢ < P — 1, we have constructed F; in
Lemma L T.H so that {F;, Go} — H, belongs to H]-'Z{’If;(BU(R)) +G, 7 VT(B,(R)),
if v is taken large enough relatively to /. These terms give a contribution to
G+ Gy defined by BLEH), (3IL4). To prove (B13]), we write, since x is canonical,

{0iox.G} ={O,Gox "tox

and since the sum in the right hand side of [@I24) gives to G ox ! a contribution
of the form G, + Gy + Gp, we are left with showing that, if

_1\P 1
b | -0 @) )@ D)

Y

then

(4.1.38) {058} ox ={0,.Gp}ox + O([lul )
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for some (new) contribution G'p of form (BL6). The term S may be written as a
sum of expressions

1
(4.1.39) / (1—t)" 1 H,(®(t,U))dt
0

where p > P and H,, is an expression of form ([@I1.26]), so belongs to H}'I}’”l (B, (R)),
i.e. (I39) may be written from

Re [ (1071 [ (A0 U)6( U)oU) duds
(4.1.40) 0 X

1
_ pP-1 FYFEoy
Re / (1-1) /X (A (@t U))o(t, U))3(E, T) dudt

with A, in H\Illl;”/. The first component ¢ of ® is given, according to (LLIT), by
6(t,U) = u+ Bu(t, U)u + Ba(t, U)ii + R(t,U)

where (Bj(t,)):e[o,1] are bounded families of elements of U7 (By(R)) for j = 1,2
and where (R(t,-));e[0,1) is a bounded family of elements of RY ,(Bs(R)) (for s
large enough). Plugging this expression inside ([LI.40), and using Corollary
and Lemma [[LZ0] we see that (£140) may be written as a linear combination of
clements of 5" (Bs(R)) (for some large enough v and some large enough s) and
of quantities of type

1 1
(4.1.41) /0 /X (O, U)u)R(E, U dudt, /0 /X (C(, U)R(, U))R(E, U dpdt

with (C(t,))iep0,1) in ¥ " (Bs(R)), (R(f, Niefo,1] in RY 5(Bs(R)), as well as similar
expressions with u, R replaced by u, R. We just need to check that the Poisson
bracket between ©! and @I is O(||U]|51?) to get @EI3S). By assumption,
[DOLU) || z(rrsr) = O(|U]| 1+), so that it is enough to check that if H(U) is any of
the expressions ([@IL4I), VH belongs to H*, with H*-norm O(||U||5T"). In other
words, we have to study, for K in H %,

/ (O UVK)R(E U) dp, / (duC(t,U) - K)u)R(t,U) d
X X

/ (C(t UYu)(dy R U) - K) dp, / (O VR D)) (dyR(E,U) - K) dp
X X

/X (doC(t.U) - K)R(t, U))R(,U) dp

(and similar expressions involving transposes). By @ILI), R(¢,U) is in H?>*=Y C
H*T1 (if s > s large enough), by (L2ZI9), (dyC(t,U) - K)u € H~*W~v c H=571
(dyC(t,U)-K)R(t,U) € H=% by (I13), dyR(t,U)- K € H=*!. This shows that
all the above integrals are meaningful and vanish at least at order P + 2 at zero.
This concludes the proof. O
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4.2. Diagonalization of the remainder term. The goal of this subsection
is to prove Theorem Theorem B.T.T] has reduced ourselves to the study of a
new Hamiltonian G' = G + Gu + Gp, that may be written
(4.2.1)

G = GL(U) + /X (A + AW )+ /X (Bp(Uywyudy+ /X (Br(0)a)a du

where A(U) = Zle A;(U). By the last remark following Definition [[[2.5] we may
assume that A is in U} (B,(R))(increasing the value of v given by Theorem [31.1)).
Moreover, Bp is in W5 (B,(R)), and we may assume A(U)* = A(U), 'Bp(U) =
Bp(U). We denote by Ag(U) = 07! A, (U) the part of A made of homogeneous

p=1
terms. Consider the matrices of para-differential operators

(4.2.2)

M) Bp(U)  Am+"A(U) 0 Am + 1 Au(U)

“Am+AU) B ]’MH(U):[Am+AH(U) 0 !

so that

1

(4.2.3) (Gy + Gp)(U) = 5/X(M(U).U)Udu, Gu(U) = %/X(MH(U)~U)Udu.

Let us start with a diagonalization lemma.
LEMMA 4.2.1. There are sg large enough, v > v large enough, R > 0 and

for s > so, operators Q in U%”(Bs(R)) ® Ma(R), C in U3"(Bs(R)), with C
self-adjoint and symmetric, such that, if we set

Am +AU)+C(U) 0 }

(4.2.4) () = [ 0 —Am —"A(U) - C(U)

one has the relations

I+ QU)) T+ QU)) —tT € U (By(R)) @ Ms(R)

4.2.5 ;
29 (I +QW))(IMU) I+ QU))'I = £(U) € U5 (Bs(R)) ® Ma(R).

Proof: Define.
1 1 i 2 1 11 B 2 1 B
The assumptions on A, B imply
(Al)* —_ tAl _ Al, (A2)* _ A2 — —tAQ,(Bl)* _ Bl, (BQ)* _ BZ
so that
Am + Al + A? B! —iB?
t _ m
(4.2.6) JM(U) = —Bl _ ZB2 —Am _ Al + A2 .
By (i) of Proposition B2Z.6 there are principal symbols a!,a? in Sll’”(~Bs (R), T*X),
b',b? in S5 (Bs(R), T*X) of A*, A%, B, B? respectively, modulo ¥\’ (B,(R)) and
U%7(B,(R)) for 7 > v+ My(3d + 4). Since A, A%, B', B? (resp. A', B!, B?) are

self-adjoint (resp. symmetric) we may assume by (iv) of Proposition [Z2.0] that
at,a?, bt b? are real valued and that a' = (a')V, b! = (b)Y, b2 = (b*)" (increasing
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eventually 7). We denote by A € Sé’O(T*M) the principal symbol of Ap,, given in
local coordinates by (m? + g, (&, €))'/? where g is the metric, and set

b
b=>b'+ib?, ¢c=

A+al + /(A +al)?+ b

If R is small enough, the definition is meaningful since a',b vanish at U = 0, and
we get that ¢ is in SB”(Bs(R), T*X). We define

(4.2.7) Id+q=(1—|c*) /2 E ﬂ .

By a direct computation using that ¢V = ¢, we get
(4.2.8) FId +¢¥)'J(Id +q) ="'J

and, if we define the matrix of symbols m by

o ATt ta® bt —ib?
m= _(b1+lb2) —)\_a1+a2 9
we obtain
(4.2.9)
by 1\2 _ b2 2 0
(Id+q)(*Jm)J* (Id+¢")'J = (A+al) bl +a

0 —/(A+a')? — |b* + a2

Actually, the eigenvalues of (*Jm) are a®+1/ (A + a')? — |b|* and [_10} (resp. [’16])
is an eigenvector associated to the first (resp. second) eigenvalue. If we set

(1d+p) = (1 |ef) 172 [ ! ‘f} ,

—c
(Id+p)~1(*Jm)(Id +p) equals the right hand side of (ZZJ)). One has just to define
(Id+¢q) = (Id + p)~* and to use [@EZY) to get [EZT).

By (ii) of proposition 226} we may find operators E, F in ¥%”(B,(R)) whose
principal symbols modulo 5" (B,(R)) are (1 — 1¢)*)~1/2 and &(1 — |¢[*)1/2 re-
spectively (taking again o large enough). Since ¢¥ = ¢, we may assume, using (iv)
of Proposition Z2.6] that £ ='E, FF = 'F. We define @) by
E F
Then ([AZJ)) and the properties of symbolic calculus of (iii) of Proposition
imply that

(4.2.10) I1+Q(U) = [

I+ QU +QU)) =T € Wpl(By(R)).
Let C be an element of W5”(B,(R)), self-adjoint and symmetric, whose principal
symbol modulo W%”(B,(R)) is given by /(A + al)2 — |b|* — (A+a'). Then @EZ3),

the definition ([@.24]) of ¥, the equality [@2.9) and (iii) of proposition imply
that the second equality (@23 holds (for 7 large enough). O

Before continuing the proof of Theorem BT.2] we write some properties that
will be used repeatedly below. Consider P an element of U7”(B(R)) for m = 0, 1.
We apply (LZI9) with o = s, 0/ = —s and the smoothness index denoted by s in
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(CZT9) taken to be s or s — 1. We get that if H € H™*, dyP(U) - H belongs to
L(H®, H=**t1) and to L(H*"!, H=%), if s is taken large enough relatively to v(p),
. Moreover, the estimate

(4.2.11) |[dy P(U)-H | (ate 11—y + v PO)-Hl| gz g1y < CIH L U152

holds. In the same way, again for s large enough, if H is in H*~!, dy P(U) - H is in
L(H?®, H*~™), with

(4.2.12) |du P(U) - Hl| g (prs pro-my < C|H||pre—1 [|U][57"

If P(U) = P(u,...,u,q,...,u) with P in ﬁ;”'ﬁ for some p € N*,p < P — 1,
estimates (L27)) show that (EZTIT), (£ZT12) hold. Actually, we shall also use similar
estimates for the difference (dy P(U) — dy P(U")) - H, replacing in the right hand

side of @EZII), EZID) |U|/%." by the quantity (U + Ul )P 21U = U’ |l ar-.

LEMMA 4.2.2. There is so > 0 and for any s > sg, the map U — (U) =
(I4+Q(U))U defines a local diffeomorphism from a neighborhood of zero in H*® to
a neighborhood of zero in H®, coming from a real diffeomorphism in real coordi-
nates. If we define, for V in a small enough neighborhood of zero in H®,

R . 1 R
(1213) SV) =2 (V). G) =5 [ UEVIVIV dn
X
then for any U in a small enough neighborhood of zero in H®
@214)  do(U) X160 (U) = X5 llre = OUUEE), U= 0.

Proof:  We shall call a “good term” any function U — S(U) defined on a neigh-
borhood of zero in H®, such that ||S(U)||gs = O(|U||5), U — 0. Tt follows from

#23) that X(g, ¢, =" JV(Gu + Gp) is given by
(4.2.15) /X X (U) - Hdpp = id(Gy + Gp) (U) - (JH)

:i/ (tJM(U)~U)Hdp+%/ (AM(U) - (JEHUU dps
X X

for any H in C*°(X). We may write
(4.2.16) Xiguiép(U) = IMU)U + Z(U)
where Z(U) is defined by the equality

(4.2.17) /X Z(U)H dj = %/X(dM(U) (JH)U)U dy for any H.

By (@2.11)), the right hand side is defined and continuous if H is in H~*, so that Z
isin H® and ||Z(U)||g= = O(||U||%.). By the inverse function theorem, 9 is a local

diffeomorphism at 0, and the form [@2I0) of @ shows that 1) sends a vector [%}

on a vector [g} i.e. that it is induced by a local diffeomorphism in real coordinates.

Compute
dp(U) - Xigyrcp(U) = (I+QU))I'TM(U)U + (I +Q(U))Z(V)

(4.2.18) +(dQU) - Xy 4 ) (U))U.
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The fact that ([E2I6) belongs to H*~! and @ZIZ) with m = 0, show that the

last term in (ZI8) is a good term. Since Z(U) is in H®, Q(U)Z(U) is also a good

term, so that

(4.2.19) dPU) - Xigy i@, (U) = I+ QU))I'IMU)U + Z(U) + S(U)

where S(U) is a good term. By the first equality [2Z0]), we may write
U=JI+QU))JI+QU)U + S,(U)

where ||S1(U)||gs+: < C||U||5+". Inserting this into the right hand side of [EZI9)

and using the second formula (£2.1), we get

(4.2.20) dp(U) - Xigy i, (U) =iEU)(U) + Z(U) + S(U)

for a new good term S(U). We define S by #EZ13). By (LZI9), dQ(U) - H is in

L(H*,H*") for any s’ with |s'| < s, any H in H | if s is large enough. Consequently,

dip(U) and dip(U)~" are bounded linear maps on H® | for any s’ with |s'| < s, if

U stays in a small enough neighborhood of zero. Moreover, the operator norm of

dy(U) — Id in these spaces is O(||U||5;.). A consequence of this and the definition

of 3 is that S(V) — [A(;n _gm} belongs to U7 (B,(R)) ® Ma(R) for R > 0 small
enough. Let us define M\(V) = JE(V). By (@21I3), we may write

(4.2.21) XA(V)=iS(V)V +Z(V)

where Z(V) is defined through the equality

(4.2.22) / Z(V)-Hdy = %/ (dM(V) - (JH)V)V dy for any H.
X X

To obtain (£.214), we must check that dy/(U) - X(g, 4, (U) — X5((U)) is a good

term. By (£Z20), @221)), this difference is given by Z(U) — Z(x(U)), modulo a
good term. To conclude the proof, we have to show, taking [E2TIT) and [EZ22)
into account, that, for any H in H~*, the modulus of

(4.2.23) /X(Z(U) _ 2(1/1(U)))Hdu
= 5 [ @M@) - ()T ~ (@O TH) S0 d

is bounded from above by C||H||g-«|U|5T". By @ZIL), dM(y(U))(JH) is in
L(H*,H=*) and ||¢y(U) = U||g= = O(|U||5.). Consequently, we are reduced to the
study of

(12.24) | (@) = astww) - (7)) d

By definition of 3 and the second relation (FZX)
]/\4\(1/)(U)) =JS(U) =JI+QU)'IMU)J (I + QU)'J+R(U)
with R(U) in %" (B,(R)) ® Ma(R). We decompose
(dMp(U)) —dMU)) - (JH) =T+ I + 111

where

—~

I = ((dM($(U)) = d[M((U))]) - (JH) = (dM)((U))[1d = dip(U)] - JH
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= J(dQ) - (JH))' TM(U)J'(I + Q(U))"J
+JI+ QU IMU)J(d'QU) - (JH))'J +dR(U) - JH

IIT = J(I+QU)'J@dMU)- (JH))J' I +QU))J—dM(U) - (JH).
To finish to prove that (EZ24) is O(||H|| g-+ ) it remains to show that the
L(H®, H*) norm of I, IT and 1T is O(||H||z-+ | h.

Since [|[dy(U) — 1d| zg—s,u-<) = O(|U] ), the estimate of I follows from
(@ZTT)). The bound of IT follows from (ZTT]) applied to P = @, and from the fact
that dR(U)-(JH) is in L(H®, H~*) with norm O(||H|| g+ ||U||5="). Finally, the es-
timate of III follows again from (.Z.I1]), and from the fact that [[Q(U) ||z ge) =
o(||lu]

L) for any s’. This concludes the proof of the lemma. a

End of the proof of Theorem The left hand side of BT is
(4.2.25) {02 09, G + Gu + Gp} = dO(W(U))-d(U)-[Xe, (U)+X gy 4.6, (U))-
The contribution of G, to the right hand side may be written

(4.2.26) {02, GL}(¥(U)) + dOZ(¥(U))[dv(U) Xe, (U) = Xa, ((U))]-

Since dO? € L(H*,R), it is enough, to show that the last term is O(||U||3
prove that
(4.2.27)

dp(U)Xa, (U) = Xa, (¥(U)) = Xa, (U) = Xa, (¢(U)) + (dp(U) = 1d) - X¢, (U)
is in H* and has H*-norm O(||U||51"). Since G, may be written 25:_11 Gr p, with
Grp in Ny Gy VTN (B(R)) € 63 (Bs(R)), we may write

GL)sze/(AL,p(U)u)ﬂdu—l—Re/(BL)pu)udu
X X

with Az, ,Br,p in PO If we use (EZIT), E2I2) applied to such operators
(see the statement following these formulas), and the fact that ||[¢(U) — U||lgs =

O(||U||5EY), [|dw(U) — Id|| g g+s, mty = O(|U]| ), we get the wanted conclusion
for ([Z2:20))

79), to

Let us study the contribution of Gy + G'p to @2.25). We must prove that
dO3((U)) - d(U) - X (g, 16, (U) = dOZ(w(V)) - X (¥ (U) = O(|U 1 52).

According to Lemma FEZ2] and to the boundedness of dO? (resp. di) from H® to
R (resp. to H®), this will follow from the estimate

(4.2.28) dOZ(V(U))[ X5 (U)) = Xy (9(U))] = O ), U—=0.
Using expressions ([{23)), (ZZ1I3) of Gy, G, and setting Sy = tJMH we write

~ 1
(42.20) GV) = Gu(V) = 5 [ (IS@ V) - Su(VIV)V d
X
and
(4.2.30)
Sy TH(V)) = Zu(V)
_[A@™H (V) — Au(V) + C(p~H(V)) 0 }
0 —(PA@WTHV)) = TAR(V) + C(p ™1 (V)

By definition of Ay (which is the sum of contributions to A homogeneous of order
up to P — 1), A — Ag is in Wp"(Bs(R)). Moreover, C' is in U3”(B,(R)). Since
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we have seen that |[dy = (V) = Id| g g gy I8 O(||[V||s) for any s’ with |s'| < s,
we deduce that Ag(V) — Ag(y~'(V)) is in Up"(B.(R)) and that C(p~'(V)) is
in \?}K;V(BS(R)). Consequently, (ZZ29), E230) show that G — Gu belongs to
f;:E(BS(R)). The left hand side of (.228) may be written {02, G — Gy }(¥(U)).
It follows from Lemma B.2.6] and the assumption that ©2 is a sum of elements of
H.F;,SP’I”(BS(R)) + G271 (Bs(R)) for some v and 0 < p < P—1, that this last term
is O(||U||5T?) as wanted. O

4.3. Elimination of hyperbolic terms. This section is devoted to the proof
of Theorem B.I1.31 We prove first several helpful lemmas.

Remember that we denoted by (A2),en- the eigenvalues of —A on X = S¢
and that the mass parameter m has been chosen so that (LZ27) holds. We set
A=+/-A+ (%)2 so that AL, = (n -1+ %)Hn for n € N*. In particular,
t — et is a 4m-periodic function. Moreover, Ay, — A is a pseudo-differential
operator of order —1.

LEMMA 4.3.1. Let v € Ry, p € N*, £ € {0,...,p} and A’ be an element

—1,
of the space HY, V[MO] introduced in Definition [[2.2. Assume that A’ satisfies
the following condition (using the notations introduced before the statement of

Theorem [[.2.3)):
(4.3.1) (no, ..., npy1) € Z4(p) = M, A’ (I, U, ., = 0.
Denote My = 2My(2d + 3), v1 = 2My. There is a family (Co(U))aecz of linear
operators from C*(X) to D'(X), such that, for any t € [0, 4]
(4.3.2) e AUt = N et e, )
acZ

and, for any family of differential operators Pi,..., Py of orders di,...,d;, and
N1, Ny in N, there is a constant C > 0 such that, for any o € Z, any j,j’ in N,
any n' in (N*)P, any uq,...,u, in C°(X)

(4.3.3)
[A;Adp, -+ Adp, Ca(ILyU)Ajr| 212y <

2—N1 \j—j’\2j(1+z dy—k) |n/|u(p)+v+u1+M1k
1+ a2

P
(L4277 | ) N2 T [T ] -
1
Moreover Co(Il,,U) = 0 if n is in Z'(p) C (N*)P. Equation [@E33) implies in
— 1, v+v
particular that ) C, defines an element of HV,, M),

Proof: Using the 4m-time periodicity of the left hand side of [@32]), we write its
Fourier series decomposition, with coefficients
1

T ar

4 . -
Ca (u) / e—itAA/(u)eitAe—ita/2 dt.
0

Denote by Py (t) = etApe~ith 1 < k' < k. By the Egorov theorem, this is
a family of pseudo-differential operators of order dj, with uniform estimates for
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t € [0,47]. We may write, using two integrations by parts in ¢,
(4.3.4)
1 4 L~ L~ .
o?Adp, -+ Adp, Co(U) = = / e "M Adp, (1) - - Adp, iy AdE A’ (U) e e /2 gt
T Jo
By (iii) of Proposition ZZZ8, each commutator with Py (t) (resp. A) makes gain
djs—1 (resp. 0) units on the order of the operator, and makes lose M; = 2M(2d+3)
on the second index of this order. It follows that [@33) holds, with the preceding
value of M; and with v; = 2M;.
To get the statement concerning Cy, we compute

1 47 .
HnOCQ(Hn/L{)H = / eilt(noinp'*'l)HnOA/(Hn/L{)H
0

Np+1 E

dt.

Mp+1

This quantity vanishes if ng # npy1. If ng = nyq1, the condition n' € Zg(p) is
equivalent to (ng,n’,np11) € Z(p), so that assumption {3.I]) implies that the
integrand vanishes. This concludes the proof. O

LEMMA 4.3.2. Letp e R,veR, PeN,peN, 1<p<P-1,0€{0,...,p},
N € N. There are positive numbers v(N), My(N) = My(4d + 6) such that the
following holds:

—1,v
(i) For any A’ in HY, [My] satisfying (E31), one may find operators B
——1,v4+v(N) ——1-N,v+0(N)

(resp. S, resp. R) belonging to HV, [Mo(N)] (resp. HY,, [Mo(N)],
—1,v4+v(N
2O My(N)]), such that
(4.3.5)
¢ P
[BW), Am] + Y B(ur, ..., Amtty, . up) = Y Blug, .., Aty up)
j=1 j=0+1

= AU)+SU) + " RU).

Moreover, S satisfies ([L31]).
(i) Let A" be an element of P}V, satisfying @3d). There is B" in P;,‘*LO”’
such that

(4.3.6)
4 p

[BU), A+ B(ur, ..., Aty . yup)— Y Blu, ..o, Ay, up) = A'(U).
j=1 j=t+1

The same conclusion holds for the equations

(4.3.7)
4 P
:i:[AmB(u)-f—B(u)Am}—i-Z Bui, ..., Amty, ... up) — Z Bui, ..., Amuj, ... up) = A'(U).
j=1 J=t+1

Proof: (i) Take 6 € C§°(R), 6 =1 close to zero, and define

+oo X X D, /
(4.3.8) By(TLuld) = —i / e~ tR A/ (T, 04) A O ) g et i
0
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where we denoted for short by G&(n’) the function G5 (A, ..., An,) defined in

(CZ26). Using expansion (IZ:B:ZI) we write

B (11 = —zZaa n',€)Co (Il U)
aEZ

with

+oo o i ,
an(n' e) = / elt(E‘LGf“[(” ))H(et) dt.
0

By (CZZT), we know that ‘% + GBL(n)
This last case is excluded since, by assumption and Lemma 3T, Co(I1,/U) =
when n’ € Z%(p). Consequently, an integration by parts shows that |aq(n’,€)| <

C|n/|". Combining this with (L33) and summing in a, we see that B; satisfies
—— 1, v+uvi1+1L
the estimates of elements of HY¥, O[Ml], where My = 2My(2d + 3). Let us

compute

(4.3.9)  —[A, By(Tl,U)] + G& (n") By (T, U)

Hoo d it A ith _itGP L (n'
_ / e A () B O et
0

> ¢|n/| 7" unless o = 0 and n’ € Z*(p).

A (T U) + €F Ry (T, U)
with N
Ry(IL,U) = / e~ A A (Il ) e R e 0" (M) = P17 (¢) dt.
0
Let 6, € C§°(]0,400[) such that §; = ¢’ on [0, +oo[. Using again decomposition

#E32), we write
(T, U) = Z Co (I U)e 0, <—€1 <Gﬂ’lg(n’) + %)) .

a€EZ

By (CZ27), e_P‘él (—e (G () + 2) } < Cn/|"* so that ([@33) shows that

, —1 y+1/1+PL0
R} belongs to the space HY¥, [M;]. We deduce from ([I33) that
p+1
_[AmaBl +ZBl Ulye -y mu],...,up)— Z Bl(ul,...,Amuj,...,up)
j=t+1
=AU+ " Ri(U) — [Am — A, B (UA))].
~ ~ ——0,v+v1+L

Since Ay —A is of order —1, [Ay—A, By (U)] isin HV,, e [Mi], by Lemmal[l.2.4]

and satisfies condition ([@31]), because II,, commutes to Am — ]\, and because B,
satisfies (3], as follows from its expression (L3.8]) and the assumption on A’.
We see that we have solved an approximate version of ([@3.3]), where S is replaced
by an operator [A — A, By (U)] of order 0 instead of 1 — N. Since condition (Z31)
is satisfied by this operator, we may repeat the construction of By, defining succes-
sively Bo, Bs,... until B = By + By + - -+ satisfies (£3.3]) with an error S of the
wanted order 1 — N. At each step, we have to increase the number of derivative
losses on small frequencies v, and multiply the constant M of estimate (£33]) by
2(2d+3). We call v(N) the total loss at the end of the process, and get the wanted
conclusion.
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(ii) We compute ([E3.6) at 11,4, and compose at the left with II,, ., and at
the right with II,,,. We get
(4.3.10) F2 Angs -3 Ay My BILyU) I, = 10, A’ (T U,

Since A’ satisfies condition @3), |[FA (Angs - - -, An,1)| is bounded from below by
the right hand side of the first estimate (L2Z27]). Going back to the estimate (20
defining P4+, we see that we may find a solution B to @3I0) in PhHEor. This

concludes the proof since the same reasoning applies to ([E3.7]). O

Before proving Theorem BI3, we recall some notations and results of [16].
Let F = 25;11 F,, H = 25;01 H, be two functions defined on a neighborhood
of zero in H*(X), which are sums of components homogeneous of order p + 2.
Assume also that F, H have enough smoothness so that all Poisson brackets below

are meaningful. We define a truncated Poisson bracket at order P by

(4.3.11) {F.HYp= Y  {F,Hy}
p+p <P—-1
p>1,p">0

The iterates of {-,-} p are defined by
adpF -H = {F,H}P

(4.3.12) ; 1
adij-H: adpF- (adp] FH)

If T is some indeterminate, we define
Rty ¥ .
(4.3.13) exp(TadpF) - H =Y  —adp’'F - H.
i=0 I’
Notice that the sum in the last series is finite, as all terms with j > P vanish. Let

© be another multi-linear expression in U = (u,u). It is proved in Lemma 5.1.3
of [16] that

(4.3.14) {exp(TadpF)-©,H}p =exp(TadpF) - {O,exp(—TadpF) - H}p.

We define from © (resp. H) and from F new functions, denoted formally by ©o x%
(resp. H o (x£)~1), given by

O o X7 = (exp(adpF)) - ©
Ho(xp)™" = (exp(—adpF)) - H
so that (@314 may be written, taking T =1,
(43.16) {©0xE H}p = {0,Ho () o xE.

The main remaining steps in the proof of Theorem will be to apply
([E3TI0) with © replaced by ©9(u,u) = [y (AZu)udu, H replaced by the Hamil-
tonian Gy, + Gy found in Theorem B.I.2] and to construct a function F' so that
{69, (G + i) o (B) 11 p o (xE = O(e” |ul[3.) (for s large enough).

Let us fix some notations. We fix P € N* and N large enough relatively to P.
We shall need several constants indexed by p =1, ..., P—1, growing quickly enough.
We take elements of [1, +oo[, (M;(p))i1<p<r—1, (7:(p)))1<p<p-1,%=1,...,4. We

(4.3.15)
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assume for p,q € {1,..., P — 1} such that p+ ¢ < P — 1, and for some large Cj,
depending on P, N,

M (p) > CoMs(p) > C§ M3 (p) > C3 Ma(p) > Ci Mo

My(p + q) = max(Mi(p), M2(q))
min(21(p), 72(q)) + Co[Mi(p) + Mi(q)] < Pa(p+ q)

7;(p) 2 Pjy1(p) + CoMj41(p), j=1,2,3,

where M is the constant introduced in Definition fV\\fg assume moreover that,
if p — v(p) is the function of the definition of classes HV, it satisfies, for p,q in

(,...,P—1},
(4.3.18) v(p) +v(q) + v + max(i(p), 72(q)) + Co max(Mi(p), M2(q)) < Pa(p + q)-

Finally, we take two other functions p — N;(p), ¢ = 1,2, such that Ny(1) + My =
Ny(1) = N and that, for any p,q € {1,...,P—1} withp+ g < P —1,

(4.3.19)

Na(p+q) < Na(q) — Mo — 1, Na(p+4q) < Ni(p) — Mo — 1, Ni(p) < Na(p) — Lo

(where Lg is the exponent in ([L227))). If N = Ny(1) > P, we may find such
N;(p)’s, which are moreover larger or equal to P for p = 1,..., P — 1. We may
assume as well that o4(p) > Na(p) for any p = 1,..., P — 1, since it is always
possible to increase the #;(p) in such a way they will continue to satisfy (E3.17]).
We use inclusions (B2Z12), B2I4) and BZI3) (with the constant My of
B2I0) replaced by M;i(p) or Mx(q)) to get, taking into account assumptions

E317), E3IR), E3I9), the inclusion
(4.3.20) {HF i7" P (By(R))[My(p)] + G~ N @471 )(B(R)),
HF 57 (Bu(R)[Ma(g)] + Gy~ MO 70 (B,(R)))

C HFLLH 00 (B(R) M (p + )] + Gy 1200 Mot 7wt (g (R))

(4.3.17)

for any p > 0,¢ > 0 such that p,q, p + ¢ are smaller than P — 1. Let us prove:

LEMMA 4.3.3. Foranyp=1,...,P — 1, there is an element
1,v+0 — v+
(4.3.21) F, € H‘Fp,H l(p)(Bs(R))[Ml(p)] _’_g; Ni(p),v+ 1(?)(BS(R))
satisfying

(43.22)  {F,,Go} € HF, 1 P (B,(R))[Ma(p)] + GL~ N0l +7(0) (B (R))
such that, if F = 25:_11 F,

(4.3.23) {02, (Gr +Gn) o (xp) '} p = {00, R},

with R in @P ! H]'—l V+V2(p)(B (R))[M2(p)].

Proof: By the definition (BI.H), BI4) of G, Gy, we may write G + Gug = Go+

ot (Gryp+Gip) and GrptGuyp € HF 5 (By(R) (Mol + Ny Gy~ N (B (R))
for some v. In particular, G, , + Gu, belongs to

(4.3.24) HF 7P (B,(R)) [Ma(p)] + GL V0470 (B (R)).
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We compute (G + Gu) o (x&)~1. By @315), E3I3), this may be written
P—1 P—1
Go — Z{FpaG0}+ ZHP
p=1 p=1

where H), is a linear combination of quantities

(4.3.25) {Fpe AFpss - {Fp Gropois + Grip i} 1}

where p1 + -+ py41 =p, pg > 1if 1 < B < v, pyy1 > 0 (with by convention the
notation G0+ Gu,0 = Go) and where v > 2 if p, 1 = 0. Since Grp o T GHp,
is in (@A3.24) with p = p,11 and F, satisfies (A3.21)) with p = p,, successive

applications of inclusion (£3.20) show that [@3.25]) belongs to (324 when p,1 >
0. If py41 = 0, we use that v > 2, so that we make use of (£3.22) to reach the same

conclusion. Consequently, H, belongs to ([£3.24]), and the lemma will be proved if
we construct F),, satisfying (3.21)) and (£3.22) and such that

(4.3.26) {@27 H, —{F,,Go}} = EP{@S’ Ry}

with R, in H]-';”ﬁjw"(p) (Bs(R))[M2(p)]. We decompose H, = H, r+H, g according
to ([A324)) and write

Hy#(0) =Re [ (C(0)ad
(4.3.27) X

H,g :Re/(Ep,O(U)u)ﬂd,u—i—Re/(Ep,l(U)u)ud,u,
X X

with Cp in H\I/;),V+l74(l)) [M(p)], Epo,Ep1 in P;—Nz(P)W-‘rM(P) - P;—Nz(l))a”-i'ﬁs(l))'
Coming back to the definition of these spaces, we decompose

——

p
CoU) =D Chlu,...,u, ..., 1)
£=0 )

(4.3.28) .
Ez‘[J = E E[iu,...,u,ﬂ,...,ﬂ,i——O,l
P,( ) ~ p,( y )

—— 1, v+4(p)
. [ .
with C'p in HY,

a fixed large enough C,
(4.3.29) IL,, CL (L U)IL,, ,, # 0 = ng,np1 > Cln|.

no P

[My(p)], E}; in ﬁ;_NQ(p)’V+DS(p). We may assume that, for

Actually, to ensure that condition, we may replace C’ﬁ by
(4.3.30) 20D e oA Gt Ay
n/ j j/

since, using formula (AJ) of the appendix, one checks that ({3.30) is an element
——1,v+04(p)

of the space HV, [My(p)] satisfying (329). The difference between Cﬁ
and ([@330) may be incorporated to Ej,o: taking into account that this difference
belongs to

—~—1—-N' v+4(p)+N’

P [M4(p)] C ﬁ;_N/’V+D4(p)+NI+2M4(p)
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for any N’, we take N’ = Ny(p), and obtain that the perturbation of E, o will be

in the class ﬁ;*Nz(p)erﬂs(p) (

Co).
Let us refine the decomposition of Cf;, Ef;ﬂ». When ¢ # p/2, we set Eﬁ:g = 0.
When ¢ = p/2, we define

(4.3.31) Eyjg= > T EL M uy,... 1L, u,)II

using the last inequality [@3.17) with a large enough

Np+1-°
{no,...,ne}=
{nes1smpta}

In the same way, if £+ 1 # p/2, we set Eﬁ:% =0. If L+ 1=p/2, we set

2 Np+41°
{no,....;ne,npy1}=

{"2+1>"'7np}
Then Eﬁzz are elements of Py~ 2 @) +75(0) e define Eﬁf =E,, - Eﬁzz In that

B __.. B ..
way, Eﬁ:o satisfies ({3.1]) and E;;:l satisfies

(4.3.32)
{no,...,ng,npr1}t = {neg1,...,np} = HnOEﬁi?(Hmul, ooy o up)IT

EE’Z = Z HnoEﬁ,l(H'fhul? c 7H"PUP)H

=0.

Np41

We perform a similar decomposition of Cf = C5% 4 CLP using formula (Z3.31).

—— 1, v+
Let us show that C/* belongs to H¥,, Frale) [M3(p)]. Actually, because of con-

dition (@3.29), the property {no,...,n¢} = {net1,...,npp1} in the sum of type
33T defining C/% from Cf, is equivalent to (ng = npy1) and {n,...,ng} =

{ne+1,...,np}. The definition of Cﬁ’z may be written equivalently as
1 47 o s
0,7 _ —itA L 1tA
Cp(un, ... up) = { Z } E/o e RO (U )e™ ™ dt.
MNYyeeny Ny y=

{nes1,np}

We have seen in the proof of Lemma 3T that this time average belongs to
——1,v+v3(p)

HY, [M3(p)] (This follows from the fact that by [E3I7), M5(p) > CoM4(p),

3(p) > U4(p)+CoMy(p), which are the requirement that the new constants (v, M;)
in the right hand side of [@33)) have to satisfy). Set

P

P
CHU) = ZCﬁ’Z(u,...,u,ﬂ, .. 1), B%,(U) = ZE;;;?(U, R TN )
£=0 £=0

4 4

Cp(U) = (C, — CH(U), Epi(U) = E,pi(U) — Ej,(U)

HZ £(U) = Re / (CHU)u)idp, H4(U) = Re / (BZo(U)u)iidp + Re / (% (U)w)u dy
X X X

and define similarly H)'»(U), H};(U). By construction and the definition of the
Sobolev energy O (u,u) = [y (AZju)udu, {09, HY x + HZ 5} = 0, so that equation
(#328) is equivalent to

(4.3.33) {08, Hy 5 + Hyg — {F,, Go}} = ¢"{00, R, }.

Let us show that there is an element R, in H.F;”ﬁ+ﬁz(p)(BS(R))[Mg(p)] and F),
satisfying ([A321)), [@322) such that
(4.3.34) {F,,Go} =H)r+ H)g — €"R,.
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We look for F), as

(4.3.35)
F,(U)=Re / (Bp(U)u)udp + Re / (Dpo(U)u)udp + Re / (Dp1(U)w)udp
X X X
where
P P
By(U) =Y Bi(u,....ud,...,0),Dp;(U) =Y Db (u,... ua,...,1u),
£=0 =0
T Lyt S1— v+ . .
with Bf in H¥,, ) [My(p)], DS ; in Py N tnp) - plygeing [@33H) inside
[#E334), we see that Bf; may be computed from C’f;’B solving an equation of type
—1v4v
(#35). Applying (i) of Lemma 32l we obtain Bf; in HY, ) [M;(p)], using

(@3TT), and assuming that Cj is larger than the loss v(N) of Lemma We
get the wanted property for Bﬁ.
The remainder S in the right hand side of (£33) belongs to
——1-N,v+7v +uv(N ~ ~ —
Hv, 3(p)+( )[Mg(p)] c ,P;—N,u-q—yg(p)-‘rl/(N)-‘rQMg(p)'

Since N > Ns(p), we get an element of ﬁ;_Nz(p)”—’_ﬂz(p), if the constant Cy in

(@3TT) has been taken large enough with respect to N. The contributions Eﬁ:?
belong to the same space. By (ii) of Lemma f3.2] we may construct D, (resp.
Dy 1) in 73;_N2(p)+L°’”+172(p) solving (A3.6]) (resp. [@31)) when the right hand side
A’ is given by Eﬁ:OB +.5 (resp Eﬁ:]f). If we assume Np(p) < Na(p) — Lo as in ({@I319),
we get the wanted conclusion.

Finally, the term e’R in the right hand side of (@33) belongs to

—— 1, v+v v(N —— 1, v+
e"HY, el )[Mg(p)] c "HY, i 2(p)[Mg(p)]. The contribution of this
term to an integral of the form of the first one in ([L32T) gives the last term

in ([@E334). 0

Proof of Theorem B.13: We set ©2 = 0% 0 XII;- This is linear combination of
quantities

(4.3.36) {Fp AFpy, - {F,, 0%} -1}, £ < P—1,
with F, satisfying (Z321]), 1 < p < P — 1. Since we assume Ni(p) > P, we have
(4.3.37) F, € HF,{{(Bs(R)) + G, 7" (B4(R))

for some large enough value of v. Moreover, 6 is in H]-"g;O(BS(R)). If s >

P, it follows from inclusions (BZI2), B2ZI3) and BZI4) that @336 is in
Hfjjf’(Bs(R)) + G2 PY(By(R)) for p = p1 4 -+ + p¢ and a new value of v,
independent of s. Consequently ©2 is in

P—1

(4.3.38) B (HF Y (B(R)) + G (Bs(R)))
p=0

for some v. By (310

(4.3.39)
{02,GL +Gu} ={02,Gr +Gu}lpr + ({02, G +Gu} — {©2,GL + Gu}p)

={0%,(GL +Gu) o (xr) "}roxr + ({02, GL + Gu} — {©2,GL + Gu}p).
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The first term in the right hand side may be written according to ([@323)) as
. . P—-1 1,v40 . .. s,
e {09, RYox L with R in D, H}"]D)H'|r 2(p) (Bs(R)). Since ©Y is in H]-'(iH0 (Bs(R)),
it follows from ([FZI2) that {©% R} is in @5;11 H]-';Sﬁ” (Bs(R)) for some v inde-
pendent of s. Using [@337) and again inclusions B212), B214), BZI3)), we
conclude that {©% R} o xL belongs to @5:_01 (H}"j,sﬁy(Bs(R)) + G25¥(By(R))).
This implies that {6Y, R} o x£(U) = O(||U||%-) if s is large enough.
The last term in (£339) may be written as a sum of expressions
(4.3.40) {0p,GLq+ Gugt
where 6, is in Hf;%”(BS(R)) + G257 1¥(By(R)), and where Gp 4 + Gu,4 belongs
to the space H}"ql,’ﬁ (Bs(R)) + gg”"(BS(R)) for some v, depending on P but not
on s, and with p + ¢ > P. By B.212), 3.2.13), (3.2.14), we obtain elements of
HF?" (Bs(R)) + G2 (Bs(R)) for some new v independent of s. This implies

p+q,H Pty
that E3A0) is O(||U||5?), which is the wanted conclusion. O
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A. Appendix

This appendix is devoted to an estimate that is used several times in the paper.

PROPOSITION A.1. Let Py, ..., Py be differential operators of order dy, ..., kg
on the manifold X. Let Q,Q’ be two pseudo-differential operators of order m,m’.
For any N in N, there is C > 0 and for any j,5',j" in N
(A1)

. . . ’ k
185 (Adr - Adp (QAsQ DA equa < C2 NI+~ g (om0,

If we prove

(A2)  [|[AyAdp, - - Adp, (QA;Q) || c(r2) < O~ N1i=i'lgi (mam'+ 37, de—k)

we may deduce (AJ) from ([A2]) by duality. To prove (A2]), we introduce, with the
notations (LZ2), ¢1(t) = ©(V1), ¥1(t) = ¥(V1), so that A; = ¢1(—2727A), for
j>1,A¢ =11(—A). We use the same letters ¢1, 11 to denote almost holomorphic
extensions of this functions to C (see Dimassi-Sjostrand [20], Chapter 8). Then
1,11 are smooth functions on C, ¢ (resp. 1) is supported in a domain [a, b] +
i[—c,c] with 0 < a < b, ¢ > 0 (resp. a < 0 < b, ¢ > 0), and J¢p;, O vanish at
infinite order on R. The Helffer-Sjostrand formula [26], [20] Theorem 8.1 implies
that

1 , _ , _
(A.3) A= =2 [ @Gen@ o+ o) act
when j > 1, and a similar expression for Ay, with ¢; replaced by ;. We shall
prove (A.2) when, more generally, P, ..., P, are pseudo-differential operators of
order di,...,dy. Writing [P}, ((+ A)7Y = —((+ A) 7P, Al(C+ A) 7, we see
that Adp, ---Adp,A; may be written as a linear combination of expressions

k/
) 2 @0 TT+a) Qo (¢ + )y dcdg

0=1
where 0 < K < k, Qu, V' = 1,...,k" are pseudo-differential operators of order

Dgl +2 and Zlf/+1 Dgl = E]f d( — k.
LEMMA A.2. For any s € R

(A5) SU.pHAdP1 AdeA]H < +o0.
J L

(HS,HFZT dﬁk)

Proof: We note that for any o € R

C+ <D

Tmc] ¢+ A) Y £ (oo ey < ClIm¢| ™.

1+ A) Ml z(me, morey <

s
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We deduce from (Ad), the above inequalities, the fact that on the support of
©1(2729¢), |¢| < 022% and the vanishing of Jyp; at infinite order on R, that (A5
is bounded from above by the supremum in j of quantities of the form

. _ ) 25k’ _ oy , _
c2~% / |8§01(2_23C)|27k/+1 dede < 022.7(16 —1—N)/ |Im<|N_k -1 dedé < C
c [Tm ¢ I¢|<C22i
for 0 < k' < k. This gives the lemma. O

Proof of Proposition[A1l For k € N, a € R, denote by Ex(a) the family of oper-
ators which may be written as a finite sum of terms Qo(Adg, ---Adg,, Aj)Qr 41

where k' < k and Q¢, £ =0,..., k' + 1 are pseudo-differential operators such that
if:'gl degQy — k' = a. Let Q, Q' be a pseudo-differential operator of order m, m’.

Then

(A.6)
k

Adp, ---Adp, [QA;Q'] = Q(Adp, - -- Adp,A;)Q" modulo Sk,l(m—l—ng—k—i—m/).
1

Actually, if (AZ6) holds at order k, and if we consider another operator Py of order
do
Adp,Adp, -+ Adp [QA;Q'] = Q(Adp, -+ Adp,Aj)Q' + [P, QI(Adp, - Adp, A))Q'

k
+Q(Adp, -+ Adp, A;)[Py, Q'] modulo [Py, Ex_1(m+ Y _dy — k+m')].
1

We have just to notice that the second and third term in the right hand side are in
Ex (m—l—zlg dy—(k+1)+m'), as well as the elements of [P, Sk,l(m—i—zlf dg—k+m')].
Let us prove estimate (A2). Assume first j > j > 0 and write

(A7) AjAdp, - Adp, (QA;Q") = 22N Aj Adp, - -- Adp, (QA;Q")

where @ = QAN and A; = @(—2"%A) for a new @ € C5°(]0,+00[). By
(A6), we may write (A7) as the product of 2%V times operators of the form
AjQo(Adg, - Adg,, Aj)Qu11, where k' < k and Yp T'degQr — K = —2N +
m+Y¥d,+m’ — k. By Lemma A2

12):Qo(Adg, - - Adg,, A))Qu1ullz2 < C2797[|Qo(Adg, -+ Adg,, A)Qur1ul e

Y
<27 O-||UHH(7—2N+m,+E}f dgtm! —k "

We take 0 = —m — Zlf d¢ —m' + 2N + k to conclude that
. v k ’
A Adp, - - Adp, (QA;Q)]| £(12) < Oy 220 =3 IN+5 (m+) ) detm’ —k)

for any N. When j < j/, we perform the same computation taking Q = QAYN.
This concludes the proof. O
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